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6mM/�K2Mi�Hb Q7 GBM2�` _2;`2bbBQM

6B;m`2 R, *Qm`i2bv Q7 sE*.

AM i?Bb b2+iBQM- r2 BMp2biB;�i2 QM2 Q7 i?2 KQbi +QKKQM �M/ rB/2Hv mb2/ K�+?BM2
H2�`MBM; i2+?MB[m2b, HBM2�` `2;`2bbBQMX
GBM2�` `2;`2bbBQM Bb � p2`v BMimBiBp2 bmT2`pBb2/ H2�`MBM; �H;Q`Bi?K �M/ �b Bib
M�K2 bm;;2bib- Bi Bb � `2;`2bbBQM i2+?MB[m2X h?Bb K2�Mb Bi Bb mb2/ r?2M r2 ?�p2
H�#2Hb i?�i �`2 +QMiBMmQmb p�Hm2b bm+? �b +�` T`B+2b Q` i?2 i2KT2`�im`2 BM �
`QQKX 6m`i?2`KQ`2- �b Bib M�K2 �HbQ bm;;2bib- HBM2�` `2;`2bbBQM b22Fb iQ }M/ }ib
Q7 /�i� i?�i �`2 HBM2bX q?�i /Q2b i?Bb K2�M\

JQiBp�iBQMb
AK�;BM2 i?�i vQm `2+2Bp2/ � /�i� b2i +QMbBbiBM; Q7 +�`b- r?2`2 7Q` 2�+? +�` vQm
?�/ i?2 MmK#2` Q7 KBH2b � +�` ?�/ /`Bp2M �HQM; rBi? Bib T`B+2X AM i?Bb +�b2- H2iǶb
�bbmK2 i?�i vQm �`2 i`vBM; iQ i`�BM � K�+?BM2 H2�`MBM; bvbi2K i?�i i�F2b BM i?2
BM7Q`K�iBQM �#Qmi 2�+? +�`- M�K2Hv i?2 MmK#2` Q7 KBH2b /`Bp2M �HQM; rBi? Bib
�bbQ+B�i2/ T`B+2X
>2`2 7Q` � ;Bp2M +�`- i?2 KBH2b /`Bp2M Bb i?2 BMTmi �M/ i?2 T`B+2 Bb i?2 QmiTmiX
h?Bb /�i� +QmH/ #2 `2T`2b2Mi2/ �b (X, Y ) +QQ`/BM�i2bX
SHQiiBM; i?2K QM � k@/ +QQ`/BM�i2 bvbi2K- i?Bb /�i� +QmH/ KB;?i HQQF HBF2 6B;m`2
kX

R



6B;m`2 k, GBM2�` `2;`2bbBQM +�` /�i� THQi

AM i?Bb +�b2- Bi b22Kb i?�i i?2`2 Bb � HBM2�` `2H�iBQMb?BT #2ir22M i?2 KBH2b /`Bp2M
�M/ i?2 T`B+2X A7 r2 }i � `2�bQM�#H2 HQQFBM; HBM2 iQ i?2 /�i�- Bi +QmH/ HQQF HBF2
6B;m`2 jX
q2 +QmH/ /2b+`B#2 i?2 KQ/2H 7Q` Qm` +�` T`B+2 /�i�b2i �b � K�i?2K�iB+�H 7mM+iBQM
Q7 i?2 7Q`K, F (X) = A1 · X + A0

>2`2 A1 �M/ A0 �`2 +�HH2/ r2B;?ib �M/ i?2b2 �`2 i?2 p�Hm2b i?�i /2i2`KBM2
?Qr Qm` HBM2�` 7mM+iBQM #2?�p2b QM /Bz2`2Mi BMTmibX �HH bmT2`pBb2/ H2�`MBM;
�H;Q`Bi?Kb ?�p2 bQK2 b2i Q7 r2B;?ib i?�i /2i2`KBM2 ?Qr i?2 �H;Q`Bi?K #2?�p2b
QM /Bz2`2Mi BMTmib- �M/ /2i2`KBMBM; i?2 `B;?i r2B;?ib Bb `2�HHv �i i?2 +Q`2 Q7
r?�i r2 +�HH H2�`MBM;X
G2iǶb b�v i?�i i?2 HBM2�` }i �#Qp2 r�b �bbQ+B�i2/ rBi? i?2 r2B;?ib A1 = 5 �M/
A0 = 0.5X LQr B7 r2 +?�M;2/ i?2 A0 p�Hm2 iQ bQK2i?BM; HBF2 A0 = −2- r2 KB;?i
;2i i?2 HBM2�` }i BM 6B;m`2 9X
P` BK�;BM2 i?�i r2 i?Qm;?i i?�i i?2`2 r�b � Km+? bi22T2` `2H�iBQMb?BT #2ir22M
i?2 MmK#2` Q7 KBH2b /`Bp2M �M/ � +�`Ƕb T`B+2X AM Qi?2` rQ`/b- r2 i?BMF i?2 A1
p�Hm2 Ur?B+? ?2`2 /2i2`KBM2b i?2 bHQT2 Q7 i?2 HBM2V b?QmH/ #2 � #B;;2` p�Hm2 bm+?
�b 3X Pm` HBM2�` }i rQmH/ i?2M HQQF HBF2 6B;m`2 8X

k



6B;m`2 j, GBM2�` `2;`2bbBQM rBi? ;QQ/ HBM2�` }i

6B;m`2 9, GBM2�` `2;`2bbBQM b?B7i2/ /QrM
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6B;m`2 8, GBM2�` `2;`2bbBQM ?B;?2` bHQT2

� h`�BMBM; S�`�/B;K
h?2b2 p�`B2iB2b Q7 HBM2�` }ib `�Bb2 i?2 [m2biBQM, ?Qr /Q r2 �+im�HHv H2�`M i?2
r2B;?ib Q7 i?Bb KQ/2H Q` �Mv K�+?BM2 H2�`MBM; KQ/2H BM ;2M2`�H\ AM T�`iB+mH�`-
?Qr +�M r2 H2p2`�;2 i?2 7�+i i?�i r2 ?�p2 i?2 +Q``2+i H�#2Hb 7Q` i?2 +�`b BM Qm`
/�i�b2i\
h`�BMBM; �M/ 2p�Hm�iBM; � K�+?BM2 H2�`MBM; KQ/2H BMpQHp2b mbBM; bQK2i?BM;
+�HH2/ � +Qbi 7mM+iBQMX AM i?2 +�b2 Q7 bmT2`pBb2/ H2�`MBM;- � +Qbi 7mM+iBQM Bb �
K2�bm`2 Q7 ?Qr Km+? i?2 T`2/B+i2/ H�#2Hb QmiTmii2/ #v Qm` KQ/2H /2pB�i2 7`QK
i?2 i`m2 H�#2HbX A/2�HHv r2 rQmH/ HBF2 i?2 /2pB�iBQM #2ir22M i?2 irQ iQ #2 bK�HH-
�M/ bQ r2 r�Mi iQ KBMBKBx2 i?2 p�Hm2 Q7 Qm` +Qbi 7mM+iBQMX
� +QKKQM +Qbi 7mM+iBQM mb2/ 7Q` 2p�Hm�iBM; HBM2�` `2;`2bbBQM KQ/2Hb Bb +�HH2/
i?2 H2�bi@b[m�`2b +Qbi 7mM+iBQMX G2iǶb b�v i?�i r2 ?�p2 n /�i�TQBMib BM Qm`
/�i� b2iX
h?Bb +QmH/ HQQF HBF2 [(X1, Y1), (X2, Y2), ..., (Xn, Yn)]X
A7 r2 �`2 H2�`MBM; � 7mM+iBQM F (X)- i?2 H2�bi@b[m�`2b `2;`2bbBQM KQ/2H b22Fb iQ
KBMBKBx2,
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C(X) = 1
2 ·

n∑

i=1
(F (Xi) − Yi)2

h?2 /2pB�iBQM #2ir22M Qm` T`2/B+i2/ QmiTmi UF (X)V �M/ i?2 i`m2 QmiTmi U Y V
Bb /2}M2/ �b � `2bB/m�HX h?2 H2�bi@b[m�`2b +Qbi Bb i`vBM; iQ KBMBKBx2 i?2 bmK
Q7 i?2 b[m�`2b Q7 i?2 `2bB/m�Hb UKmHiBTHB2/ #v � +QMbi�Mi BM i?Bb +�b2VX
>2`2 Bi Bb BKTQ`i�Mi iQ MQi2 i?�i F (X) Bb � 7mM+iBQM Q7 i?2 r2B;?ib Q7 Qm` KQ/2HX
AM Qm` KQiBp�iBM; 2t�KTH2- F (X) rQmH/ #2 � 7mM+iBQM Q7 A1 �M/ A0X h?2 p�Hm2b
Q7 A1 �M/ A0 i?�i T`Q/m+2 Qm` QTiBK�H KQ/2H �`2 i?2 p�Hm2b r?B+? �+?B2p2 i?2
KBMBK�H p�Hm2 Q7 C(X)X
>Qr /Q r2 �+im�HHv +QKTmi2 i?2 r2B;?ib i?�i �+?B2p2 i?2 KBMBK�H p�Hm2b Q7
Qm` +Qbi\ >2`2- �b rBi? �HH K�+?BM2 H2�`MBM; KQ/2Hb- r2 ?�p2 irQ QTiBQMb, �M
�M�HviB+�H Q` � MmK2`B+�H bQHmiBQMX AM �M �M�HviB+�H bQHmiBQM- r2 b22F iQ
}M/ �M 2t�+i +HQb2/@7Q`K 2tT`2bbBQM 7Q` i?2 QTiBK�H p�Hm2X AM i?Bb T�`iB+mH�`
+�b2- i?�i BMpQHp2b mbBM; bi�M/�`/ +�H+mHmb QTiBKBx�iBQMX q2 rQmH/ i�F2 i?2
;`�/B2Mib Ur?B+? �`2 Dmbi 7�M+v /2`Bp�iBp2bV Q7 i?2 +Qbi 7mM+iBQM rBi? `2bT2+i iQ
i?2 r2B;?ib- b2i i?Qb2 ;`�/B2Mib iQ y- �M/ i?2M bQHp2 7Q` i?2 r2B;?ib i?�i �+?B2p2
i?2 y ;`�/B2MiX
h?Bb i2+?MB[m2 Bb MB+2 #2+�mb2 QM+2 r2 ?�p2 +QKTmi2/ i?2 +HQb2/@7Q`K 2tT`2bbBQM
7Q` i?2 ;`�/B2Mib- r2 +�M ;2i i?2 QTiBK�H r2B;?i p�Hm2b 7Q` �Mv M2r /�i�X >2`2
r2 �`2 �#H2 iQ /2p2HQT �M �M�HviB+�H bQHmiBQM BM i?2 +�b2 Q7 HBM2�` `2;`2bbBQM rBi?
� H2�bi@b[m�`2b +Qbi 7mM+iBQMX
>Qr2p2`- MQi �HH KQ/2Hb ?�p2 MB+2 r2HH@7Q`K2/ ;`�/B2Mi 2tT`2bbBQMb i?�i �HHQr
mb iQ bQHp2 7Q` i?2 ;HQ#�H QTiBKmK Q7 � T`Q#H2KX 6Q` i?2b2 T`Q#H2Kb- r2 Kmbi
im`M iQ MmK2`B+�H K2i?Q/bX LmK2`B+�H K2i?Q/b ivTB+�HHv BMpQHp2 � bi2T@rBb2
mT/�i2 T`Q+2/m`2 i?�i Bi2`�iBp2Hv #`BM;b r2B;?ib +HQb2` iQ i?2B` QTiBK�H p�Hm2X
>2`2 r2 �;�BM +QKTmi2 i?2 ;`�/B2Mib rBi? `2bT2+i iQ �HH i?2 r2B;?ib �M/ i?2M
�TTHv i?2 7QHHQrBM; mT/�i2 7Q` 2�+? r2B;?i A,

Anew = Aold − α · ∂C

∂A

q2 +QMiBMm2 �TTHvBM; i?2b2 mT/�i2b 7Q` bQK2 MmK#2` Q7 Bi2`�iBQMb mMiBH Qm`
r2B;?i p�Hm2b +QMp2`;2- #v r?B+? A K2�M iQ b�v i?2v /QMǶi +?�M;2 iQQ Km+?
7`QK QM2 Bi2`�iBQM iQ i?2 M2tiX h?Bb p2`v BKTQ`i�Mi MmK2`B+�H QTiBKBx�iBQM
T`Q+2/m`2 Bb +�HH2/ ;`�/B2Mi /2b+2MiX
LQi2 BM Qm` 2tT`2bbBQM 7Q` ;`�/B2Mi /2b+2Mi �#Qp2- r2 ?�p2 i?Bb K�;B+�H �HT?� UαV
p�Hm2 #2BM; KmHiBTHB2/ iQ i?2 ;`�/B2MiX �HT?� Bb �M 2t�KTH2 Q7 r?�i Bb +�HH2/ BM
K�+?BM2 H2�`MBM; � ?vT2`T�`�K2i2`X h?2 p�Hm2 Q7 i?Bb ?vT2`T�`�K2i2` �HT?�
/2i2`KBM2b ?Qr [mB+FHv mT/�i2b �`2 K�/2 iQ Qm` r2B;?ibX q2 �`2 7`22 iQ �/Dmbi
i?2 p�Hm2 bQ i?�i ;`�/B2Mi /2b+2Mi +QMp2`;2b KQ`2 [mB+FHvX
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J�Mv K�+?BM2 H2�`MBM; �H;Q`Bi?Kb ?�p2 i?2B` QrM ?vT2`T�`�K2i2`b i?�i r2
+�M �/Dmbi �M/ }M2@imM2 iQ �+?B2p2 #2ii2` T2`7Q`K�M+2 BM Qm` �H;Q`Bi?KX 6Q`
bQK2 �H;Q`Bi?Kb- bm+? �b BM /22T H2�`MBM;- ?vT2`T�`�K2i2` imMBM; Bb � bmT2`
BKTQ`i�Mi i�bF i?�i +�M /`�biB+�HHv BKT�+i ?Qr ;QQ/ Q7 � bvbi2K r2 #mBH/X
AM i?2 +�b2 Q7 HBM2�` `2;`2bbBQM rBi? � H2�bi@b[m�`2b +Qbi r2 �`2 ;m�`�Mi22/ i?�i
;`�/B2Mi /2b+2Mi rBHH 2p2Mim�HHv +QMp2`;2 iQ i?2 QTiBK�H r2B;?i p�Hm2bX >Qr2p2`-
+2`i�BM QTiBKBx�iBQM T`Q#H2Kb /QMǶi ?�p2 i?�i ;m�`�Mi22- �M/ i?2 #2bi r2 +�M
?QT2 7Q` Bb i?�i ;`�/B2Mi /2b+2Mi +QMp2`;2b iQ bQK2i?BM; +HQb2 iQ i?2 ;HQ#�H
QTiBKmKX � T`QKBM2Mi 2t�KTH2 Q7 KQ/2Hb rBi? i?Bb #2?�pBQ` �`2 /22T H2�`MBM;
KQ/2Hb- r?B+? r2 rBHH /Bb+mbb BM ;`2�i2` /2Ti? H�i2`X
�M BKTQ`i�Mi TQBMi iQ F22T BM KBM/ Bb i?�i BM i?2 Q`B;BM�H HBM2�` KQ/2H r2
T`QTQb2/ r2 QMHv ?�p2 irQ r2B;?ib- A1 �M/ A0X "mi r?�i B7 r2 `2�HHv #2HB2p2/
i?�i +�` T`B+2b r2`2 � 7mM+iBQM Q7 irQ 72�im`2b- i?2 MmK#2` Q7 KBH2b /`Bp2M �M/
i?2 bBx2 Q7 i?2 i`mMF bT�+2 BM +m#B+ 722i\
LQr B7 r2 r�Mi2/ iQ i`�BM � HBM2�` `2;`2bbBQM KQ/2H- Qm` /�i�b2i rQmH/ ?�p2 iQ
BM+Hm/2 i?2 MmK#2` Q7 KBH2b /`Bp2M- i?2 bBx2 Q7 i?2 i`mMF bT�+2- �M/ i?2 T`B+2
7Q` 2p2`v +�`X q2 rQmH/ �HbQ MQr ?�p2 i?`22 r2B;?ib BM Qm` HBM2�` `2;`2bbBQM
KQ/2H, A0- A1- �M/ A2X
6m`i?2`KQ`2- Qm` /�i� rQmH/ MQr 2tBbi BM � j@/ +QQ`/BM�i2 bvbi2K- MQi � k@/
QM2X >Qr2p2`- r2 +QmH/ mb2 i?2 b�K2 H2�bi@b[m�`2b +Qbi 7mM+iBQM iQ QTiBKBx2
Qm` KQ/2HX �b r2 BM+`2�b2 i?2 MmK#2` Q7 72�im`2b- i?2 b�K2 #�bB+ �H;Q`Bi?KB+
+QMbB/2`�iBQMb �TTHv rBi? � 72r +�p2�ibX q2 rBHH /Bb+mbb i?2b2 +�p2�ib r?2M r2
/Bb+mbb i?2 #B�b@p�`B�M+2 i`�/2QzX

q?2M .Q2b � GBM2�` 6Bi 6Bi\
q?2M /Q2b HBM2�` `2;`2bbBQM rQ`F r2HH �b � KQ/2HHBM; �H;Q`Bi?K +?QB+2\ AM
T`�+iB+2- Bi im`Mb Qmi i?�i HBM2�` `2;`2bbBQM rQ`Fb #2bi r?2M i?2`2 �+im�HHv Bb
� HBM2�` `2H�iBQMb?BT #2ir22M i?2 BMTmib �M/ i?2 QmiTmib Q7 vQm` /�i�X 6Q`
2t�KTH2- B7 Qm` +�` T`B+2 /�i� HQQF2/ HBF2 6B;m`2 eX
i?2M HBM2�` `2;`2bbBQM T`Q#�#Hv rQmH/ MQi #2 � ;QQ/ KQ/2HHBM; +?QB+2X
q?2M r2 �`2 #mBH/BM; � K�+?BM2 H2�`MBM; bvbi2K- i?2`2 �`2 � 72r 7�+iQ`b i?�i
r2 ?�p2 iQ /2i2`KBM2X 6B`bi Qz- r2 M22/ iQ 2ti`�+i i?2 +Q``2+i 72�im`2b 7`QK
Qm` /�i�X h?Bb bi2T Bb +`m+B�H5
AM 7�+i- i?Bb bi2T Bb bQ BKTQ`i�Mi i?�i 7Q` /2+�/2b i?2 +QMi`B#miBQMb Q7 K�Mv
�`iB}+B�H BMi2HHB;2M+2 T�T2`b r2`2 Dmbi /Bz2`2Mi b2i Q7 72�im`2b iQ mb2 7Q` � T�`@
iB+mH�` T`Q#H2K /QK�BMX h?Bb bivH2 Q7 T�T2` ?�b #2+QK2 MQi �b T`2p�H2Mi rBi?
i?2 `2bm`;2M+2 Q7 /22T H2�`MBM; �X
�7i2` b2H2+iBM; 72�im`2b- r2 M22/ iQ TB+F i?2 `B;?i KQ/2HHBM; �H;Q`Bi?K iQ }iX
6Q` 2t�KTH2- B7 r2 i?BMF i?2`2 Bb � HBM2�` `2H�iBQMb?BT #2ir22M Qm` BMTmib �M/
QmiTmib- � HBM2�` `2;`2bbBQM K�v K�F2 b2Mb2X >Qr2p2`- B7 r2 /QMǶi i?BMF � HBM2

e



6B;m`2 e, LQM@HBM2�` /�i�

K�F2b b2Mb2- r2 rQmH/ TB+F � /Bz2`2Mi KQ/2H i?�i ?�b bQK2 /Bz2`2Mi �bbmKT@
iBQMb �#Qmi i?2 mM/2`HvBM; bi`m+im`2 Q7 i?2 /�i�X q2 rBHH BMp2biB;�i2 K�Mv Qi?2`
+H�bb2b Q7 KQ/2Hb rBi? i?2B` �bbmKTiBQMb �#Qmi i?2 /�i� BM H�i2` b2+iBQMbX

h2bi uQm` EMQrH2/;2
.2}MBiBQM
*Qbi 6mM+iBQM
h`�BMBM; h2+?MB[m2b
.2i2`KBM2 i?2 *Q2{+B2Mib
*QKTH2i2 AKTH2K2Mi�iBQM

d
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AMi`Q/m+iBQM iQ GQ;BbiB+ _2;`2bbBQM

6B;m`2 d, aQm`+2 hrBii2`

AM i?Bb b2+iBQM- r2 rBHH +QMiBMm2 rBi? Qm` bim/v Q7 bmT2`pBb2/ H2�`MBM; #v 2t@
THQ`BM; Qm` }`bi +H�bbB}+�iBQM �H;Q`Bi?KX � p�bi K�DQ`Biv Q7 T`Q#H2Kb i�+FH2/ BM
i?2 `2�H rQ`H/ BMpQHp2 +H�bbB}+�iBQM- 7`QK BK�;2 H�#2HHBM;- iQ bT�K /2i2+iBQM- iQ
T`2/B+iBM; r?2i?2` Bi rBHH #2 bmMMv iQKQ``Qr- bQ r2 �`2 �i �M 2t+BiBM; KBH2biQM2
BM Qm` bim/v Q7 �`iB}+B�H BMi2HHB;2M+25
A`QMB+�HHv- i?2 }`bi +H�bbB}+�iBQM �H;Q`Bi?K r2 rBHH BMp2biB;�i2 Bb +�HH2/ HQ;BbiB+
`2;`2bbBQM �X SmiiBM; �bB/2 M�K2 +QM7mbBQM 7Q` MQr- i?2 7Q`K Q7 HQ;BbiB+ `2;`2bbBQM
r2 rBHH HQQF �i Bb 7Q` #BM�`v +H�bbB}+�iBQM i�bFb- r?2`2 r2 QMHv QmiTmi irQ
TQbbB#H2 H�#2HbX

JQ/2H .2}MBiBQM
hQ KQiBp�i2 HQ;BbiB+ `2;`2bbBQM- H2i mb #2;BM rBi? � KQ/B}2/ p2`bBQM Q7 Qm`
`mMMBM; +�` 2t�KTH2 7`QK i?2 H�bi b2+iBQM QM HBM2�` `2;`2bbBQMX
_�i?2` i?�M #mBH/ � bvbi2K iQ T`2/B+i i?2 T`B+2 Q7 � +�`- r2 rBHH #mBH/ � bvbi2K
i?�i Bb T`QpB/2/ � b2i Q7 72�im`2b Q7 � +�` �M/ rBHH /2i2`KBM2 r?2i?2` i?2 +�` Bb
2tT2MbBp2 Q` +?2�TX AM T�`iB+mH�`- r2 rBHH 2ti`�+i � 72r /Bz2`2Mi 72�im`2b 7`QK
i?2 +�`b BM Qm` /�i�b2i bm+? �b,

Ç i?2 bBx2 Q7 i?2 i`mMF-
Ç i?2 MmK#2` Q7 KBH2b /`Bp2M
Ç r?Q i?2 +�` K�Mm7�+im`2` BbX
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G2iǶb +�HH i?2b2 72�im`2b X1- X2- �M/ X3X q2 rBHH +QMbQHB/�i2 i?2b2 72�im`2b BMiQ
� bBM;H2 p2+iQ` p�`B�#H2 X = (X1, X2, X3)X h?2b2 72�im`2b rBHH #2 72/ BMiQ �
K�i?2K�iB+�H 7mM+iBQM F (X)- iQ ;2i � T`Q#�#BHBiv Q7 r?2i?2` Q` MQi i?2 +�` Bb
2tT2MbBp2X
AM Qi?2` rQ`/b- r2 rBHH +QKTmi2 F (X) Ur?2`2 i?2 7mM+iBQM F Bb mMbT2+B}2/ 7Q`
MQrV- �M/ i?Bb rBHH ;Bp2 mb � T`Q#�#BHBiv #2ir22M y �M/ RX q2 rBHH i?2M b�v i?�i
B7 Qm` T`Q#�#BHBiv Bb ;`2�i2` i?�M Q` 2[m�H iQ yX8- r2 rBHH H�#2H Qm` T`2/B+iBQM-
2tT2MbBp2- Qi?2`rBb2 Bi rBHH #2 +?2�TX h?Bb +�M #2 2tT`2bb2/ K�i?2K�iB+�HHv �b
7QHHQrb,

S`2/B+iBQM =
{

2tT2MbBp2 B7 F (X) ≥ 0.5
+?2�T B7 F (X) < 0.5

LQi2- r2 +QmH/ ?�p2 `2p2`b2/ i?2 H�#2Hb �M/ b�B/ � T`Q#�#BHBiv ;`2�i2` i?�M yX8
Bb +?2�T �M/ Bi rQmH/ MQi ?�p2 K�/2 � /Bz2`2M+2X h?2 QMHv BKTQ`i�Mi i?BM; Bb
iQ #2 +QMbBbi2Mi QM+2 vQmǶp2 b2H2+i2/ � H�#2HHBM; b+?2K25
aQ r?�i 2t�+iHv Bb ;QBM; QM BM i?�i F (X) 7mM+iBQM\ h?2 HQ;BbiB+ `2;`2bbBQM
KQ/2H /2b+`B#2b i?2 `2H�iBQMb?BT #2ir22M Qm` BMTmi +�` 72�im`2b �M/ i?2 QmiTmi
T`Q#�#BHBiB2b i?`Qm;? � p2`v T�`iB+mH�` K�i?2K�iB+�H 7Q`KmH�iBQMX :Bp2M Qm`
BMTmi 72�im`2b X1- X2- �M/ X3 i?2 7Q`KmH�iBQM Bb �b 7QHHQrb,

F (X) = 1
1 + e−(A1·X1+A2·X2+A3·X3)

r?2`2 ?2`2 i?2 r2B;?ib Q7 Qm` KQ/2H i?�i r2 ?�p2 iQ H2�`M �`2 A1- A2- �M/
A3X PF- i?Bb ;Bp2b mb i?2 K�i?2K�iB+�H 7Q`K- #mi H2iǶb i`v iQ ;�BM bQK2 pBbm�H
BMimBiBQM 7Q` i?2 7Q`KmH�iBQMX q?�i /Q2b i?Bb 7mM+iBQM �+im�HHv HQQF HBF2\
Ai im`Mb Qmi i?�i i?Bb 7mM+iBQM Q7 i?2 BMTmib- r?B+? Bb +�HH2/ � bB;KQB/- ?�b �
p2`v BMi2`2biBM; 7Q`K b?QrM BM 6B;m`2 3X
LQiB+2 ?Qr i?2 K�i?2K�iB+�H 7Q`K Q7 i?2 HQ;BbiB+ `2;`2bbBQM 7mM+iBQM ?�b � bQ`i
Q7 2HQM;�i2/ a b?�T2X h?2 T`Q#�#BHBiv `2im`M2/ Bb 2t�+iHv yX8 r?2M i?2 BMTmi Bb
y- �M/ i?2 T`Q#�#BHBiv TH�i2�mb �i R �b Qm` BMTmi ;2ib H�`;2`X Ai �HbQ TH�i2�mb �i
y �b i?2 BMTmib ;2i Km+? bK�HH2`X
GQ;BbiB+ `2;`2bbBQM Bb �HbQ BMi2`2biBM; #2+�mb2 r2 �`2 i�FBM; Qm` 72�im`2 Q7 BMTmib-
i`�Mb7Q`KBM; i?2K pB� � HBM2�` +QK#BM�iBQM Q7 i?2 r2B;?ib UM�K2Hv A1 · X1 +
A2 · X2 + A3 · X3V- �M/ i?2M `mMMBM; i?2K i?`Qm;? � MQMHBM2�` 7mM+iBQMX

h`�BMBM; i?2 JQ/2H
>Qr /Q r2 i`�BM i?2 r2B;?ib Q7 � HQ;BbiB+ `2;`2bbBQM KQ/2H\ G2iǶb �b@
bmK2 i?�i r2 ?�p2 � /�i�b2i Q7 M +�`b rBi? i?2B` �bbQ+B�i2/ i`m2 H�#2Hb,
[(X1, Y1), (X2, Y2), ..., (Xn, Yn)]X q2 rQMǶi /Bp2 BMiQ i?2 K�i?2K�iB+�H /2i�BHb-
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6B;m`2 3, GQ;BbiB+ `2;`2bbBQM bB;KQB/ ;`�T?

#mi Bi im`Mb Qmi r2 +�M r`Bi2 �M 2tT`2bbBQM 7Q` i?2 iQi�H T`Q#�#BHBiv Q7 Qm`
/�i�b2i r?B+? HQQFb �b 7QHHQrb,

S`Q#�#BHBiv =
n∏

i=1
(F (Xi))Yi · (1 − F (Xi))1−Yi

6Q` Qm` Tm`TQb2b- mM/2`bi�M/ i?�i Qm` �BK rBHH #2 iQ K�tBKBx2 i?Bb T`Q#�#BHBivX
q2 +�M /Q #v i�FBM; i?2 /2`Bp�iBp2 rBi? `2bT2+i iQ Qm` r2B;?ib �M/ b2iiBM;
i?2 /2`Bp�iBp2 iQ yX q2 +�M i?2M `mM ;`�/B2Mi /2b+2Mi mbBM; Qm` +QKTmi2/
;`�/B2Mi iQ ;2i Qm` QTiBK�H r2B;?ibX h?Bb Bb �M�HQ;Qmb iQ i?2 T`Q+2/m`2 mb2/ 7Q`
MmK2`B+�HHv QTiBKBxBM; � HBM2�` `2;`2bbBQM KQ/2H BM i?2 HBM2�` `2;`2bbBQM b2+iBQMX

6BM�H h?Qm;?ib
GQ;BbiB+ `2;`2bbBQM +�M �HbQ #2 �TTHB2/ iQ T`Q#H2Kb rBi? KQ`2 i?�M Dmbi #BM�`v
QmiTmib 7Q` � ;Bp2M b2i Q7 BMTmibX AM i?Bb +�b2- i?2 KQ/2H Bb +�HH2/ KmHiBMQKB�H
HQ;BbiB+ `2;`2bbBQMX
6Q` i?Bb b2+iBQM r2 ?�p2 `2bi`B+i2/ Qm`b2Hp2b iQ #BM�`v QmiTmib #2+�mb2 Bi Bb
� M�im`�H TH�+2 iQ bi�`iX h?�i #2BM; b�B/- KmHiBMQKB�H HQ;BbiB+ `2;`2bbBQM Bb
2bT2+B�HHv BKTQ`i�Mi 7Q` KQ`2 bQT?BbiB+�i2/ KQ/2Hb mb2/ BM /22T H2�`MBM;X
q?2M Bb HQ;BbiB+ `2;`2bbBQM mb27mH\ AM T`�+iB+2- HQ;BbiB+ `2;`2bbBQM Bb � p2`v MB+2
Qz@i?2@b?2H7 �H;Q`Bi?K iQ #2;BM rBi? r?2M vQm �`2 /QBM; �Mv ivT2 Q7 +H�bbB}+�@
iBQMX
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Ai ?�b � 7�B`Hv bi`�B;?i7Q`r�`/ /2b+`BTiBQM- +�M #2 i`�BM2/ 7�B`Hv [mB+FHv i?`Qm;?
i2+?MB[m2b bm+? �b ;`�/B2Mi /2b+2Mi #2+�mb2 Q7 Bib MB+2 /2`Bp�iBp2- �M/ Q7i2M
rQ`Fb r2HH BM T`�+iB+2X Ai Bb mb2/ 7`2[m2MiHv BM #BQbi�iBbiB+�H �TTHB+�iBQMb r?2`2
i?2`2 �`2 K�Mv #BM�`v +H�bbB}+�iBQM T`Q#H2KbX

h2bi uQm` EMQrH2/;2
AKTH2K2Mi i?2 �H;Q`Bi?K
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q?v aQ L�Bp2- "�v2b\

6B;m`2 N, aQm`+2 J2/BmK

A ?QT2 vQmǶ`2 2t+Bi2/ iQ H2�`M �#Qmi �MQi?2` 7�Mi�biB+ +H�bb Q7 K�+?BM2 H2�`MBM;
KQ/2Hb, L�Bp2 "�v2bX L�Bp2 "�v2b Bb rQM/2`7mH #2+�mb2 Bib +Q`2 �bbmKTiBQMb
+�M #2 /2b+`B#2/ BM �#Qmi � b2Mi2M+2- �M/ v2i Bi Bb BKK2Mb2Hv mb27mH BM K�Mv
/Bz2`2Mi T`Q#H2KbX
"mi #27Q`2 r2 /Bp2 BMiQ i?2 bT2+B}+b Q7 L�Bp2 "�v2b- r2 b?QmH/ bT2M/ bQK2 iBK2
/Bb+mbbBM; i?2 /Bz2`2M+2 #2ir22M irQ +�i2;Q`B2b Q7 K�+?BM2 H2�`MBM; KQ/2Hb,
/Bb+`BKBM�iBp2 �M/ ;2M2`�iBp2 KQ/2HbX

"2;BMMBM;b
L�Bp2 "�v2b rBHH #2 i?2 }`bi ;2M2`�iBp2 �H;Q`Bi?K r2 HQQF �i- i?Qm;? Qi?2`
+QKKQM 2t�KTH2b BM+Hm/2 ?B//2M K�`FQp KQ/2Hb- T`Q#�#BHBiBbiB+ +QMi2ti@7`22
;`�KK�`b- �M/ i?2 KQ`2 ?BT ;2M2`�iBp2 �/p2`b�`B�H M2irQ`FbX
_2+�HH i?�i BM Qm` `mMMBM; +�` 2t�KTH2 Q7 i?2 T�bi 72r b2+iBQMb- r2 �`2 ;Bp2M �
/�i�b2i Q7 +�`b �HQM; rBi? H�#2Hb BM/B+�iBM; r?2i?2` i?2v �`2 +?2�T Q` 2tT2M@
bBp2X 6`QK 2�+? +�`- r2 ?�p2 2ti`�+i2/ � b2i Q7 BMTmi 72�im`2b bm+? �b i?2 bBx2

Rk



Q7 i?2 i`mMF- i?2 MmK#2` Q7 KBH2b /`Bp2M- �M/ r?Q i?2 +�` K�Mm7�+im`2` BbX
q2 bi�`i 7`QK i?2 /Bbi`B#miBQM r2 �`2 i`vBM; iQ H2�`M P (X1, X2, X3, Y )X q2 +�M
2tT�M/ i?2 /Bbi`B#miBQM mbBM; � 72r `mH2b Q7 T`Q#�#BHBiv �HQM; rBi? "�v2bǶ _mH2,

P (X1, X2, X3, Y ) = P (Y ) · P (X1|Y ) · P (X2|X1, Y ) · P (X3|X1, X2, Y )

h?Bb 7Q`KmH�iBQM r�b /2`Bp2/ 7`QK � 72r �TTHB+�iBQMb Q7 i?2 +?�BM `mH2 Q7 T`Q#�@
#BHBivX LQr r2 ;2i iQ i?2 #B; mM/2`HvBM; �bbmKTiBQM Q7 i?2 L�Bp2 "�v2b KQ/2HX
q2 MQr �bbmK2 i?2 BMTmi 72�im`2b �`2 +QM/BiBQM�HHv BM/2T2M/2Mi ;Bp2M i?2
QmiTmibX AM 1M;HBb?- r?�i i?�i K2�Mb Bb i?�i 7Q` � ;Bp2M 72�im`2 X2- B7 r2 FMQr
i?2 H�#2H Y - i?2M FMQrBM; i?2 p�Hm2 Q7 �M �//BiBQM�H 72�im`2 X1 /Q2bMǶi Qz2` mb
�Mv KQ`2 BM7Q`K�iBQM �#Qmi X2X
J�i?2K�iB+�HHv- i?Bb Bb r`Bii2M �b P (X2|X1, Y ) = P (X2|Y )X h?Bb �HHQrb mb iQ
bBKTHB7v i?2 `B;?i bB/2 Q7 Qm` T`Q#�#BHBiv 2tT`2bbBQM bm#bi�MiB�HHv,

P (X1, X2, X3, Y ) = P (Y ) · P (X1|Y ) · P (X2|Y ) · P (X3|Y )

�M/ rBi? i?�i- r2 ?�p2 i?2 2tT`2bbBQM r2 M22/ iQ i`�BM Qm` KQ/2H5

L�Bp2 h`�BMBM;
aQ- ?Qr /Q r2 �+im�HHv i`�BM i?2 KQ/2H\ AM T`�+iB+2- iQ ;2i i?2 KQbi HBF2Hv
H�#2H 7Q` � ;Bp2M BMTmi- r2 M22/ iQ +QKTmi2 i?2b2 p�Hm2b P (X1|Y )- P (X2|Y )-
2i+X *QKTmiBM; i?2b2 p�Hm2b +�M #2 /QM2 i?`Qm;? i?2 p2`v +QKTHB+�i2/ T`Q+2bb
Q7 +QmMiBM;5 �
G2iǶb i�F2 � +QM+`2i2 2t�KTH2 iQ BHHmbi`�i2 i?2 T`Q+2/m`2X 6Q` Qm` +�` 2t�KTH2-
H2iǶb b�v Y `2T`2b2Mib +?2�T �M/ X1 `2T`2b2Mib i?2 72�im`2 Q7 � +�`Ƕb K�Mm7�+@
im`2`X
G2iǶb b�v r2 ?�p2 � M2r +�` K�Mm7�+im`2/ #v >QM/�X AM Q`/2` iQ +QKTmi2
P (X1 = >QM/�|Y = +?2�T)- r2 bBKTHv +QmMi �HH i?2 iBK2b BM Qm` /�i�b2i r2
?�/ � +�` K�Mm7�+im`2/ #v >QM/� i?�i r�b +?2�TX
�bbmK2 Qm` /�i�b2i ?�/ Ry +?2�T- >QM/� +�`bX q2 i?2M MQ`K�HBx2 i?�i p�Hm2
#v i?2 iQi�H MmK#2` Q7 +?2�T +�`b r2 ?�p2 BM Qm` /�i�b2iX G2iǶb b�v r2 ?�/ k8
+?2�T +�`b BM iQi�HX q2 i?mb ;2i P (X1 = >QM/�|Y = +?2�T) = 10/25 = 2/5X
q2 +�M +QKTmi2 bBKBH�` 2tT`2bbBQMb U2X;X P (X2 = 9yyyy KBH2b /`Bp2M|Y =
+?2�T)V 7Q` �HH i?2 72�im`2b Q7 Qm` M2r +�`X q2 i?2M +QKTmi2 �M �;;`2;�i2/
T`Q#�#BHBiv i?�i i?2 +�` Bb +?2�T #v KmHiBTHvBM; �HH i?2b2 BM/BpB/m�H 2tT`2bbBQMb
iQ;2i?2`X
q2 +�M +QKTmi2 � bBKBH�` 2tT`2bbBQM 7Q` i?2 T`Q#�#BHBiv i?�i Qm` +�` Bb 2t@
T2MbBp2X q2 i?2M �bbB;M i?2 +�` i?2 H�#2H rBi? i?2 ?B;?2` T`Q#�#BHBivX h?�i
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QmiHBM2b ?Qr r2 #Qi? i`�BM Qm` KQ/2H #v +QmMiBM; r?�i �`2 +�HH2/ 72�im`2@H�#2H
+Q@Q++m``2M+2b �M/ i?2M mb2 i?2b2 p�Hm2b iQ +QKTmi2 H�#2Hb 7Q` M2r +�`bX

6BM�H h?Qm;?ib
L�Bp2 "�v2b Bb � bmT2` mb27mH �H;Q`Bi?K #2+�mb2 Bib 2ti`2K2Hv bi`QM; BM/2T2M@
/2M+2 �bbmKTiBQMb K�F2 Bi � 7�B`Hv 2�bv KQ/2H iQ i`�BMX JQ`2Qp2`- BM bTBi2
Q7 i?2b2 BM/2T2M/2M+2 �bbmKTiBQMb- Bi Bb biBHH 2ti`2K2Hv TQr2`7mH �M/ ?�b #22M
mb2/ QM T`Q#H2Kb bm+? �b bT�K }Hi2`BM; BM bQK2 2�`Hv p2`bBQM 2K�BH K2bb�;BM;
+HB2MibX
AM �//BiBQM- Bi Bb � rB/2Hv mb2/ i2+?MB[m2 BM � p�`B2iv Q7 M�im`�H H�M;m�;2 T`Q@
+2bbBM; T`Q#H2Kb bm+? �b /Q+mK2Mi +H�bbB}+�iBQM U/2i2`KBMBM; r?2i?2` � #QQF
r�b r`Bii2M #v a?�F2bT2�`2 Q` MQiV �M/ �HbQ BM K2/B+�H �M�HvbBb U/2i2`KBMBM;
B7 +2`i�BM T�iB2Mi 72�im`2b �`2 BM/B+�iBp2 Q7 �M BHHM2bb Q` MQiVX
>Qr2p2` i?2 b�K2 `2�bQM L�Bp2 "�v2b Bb bm+? �M 2�bv KQ/2H iQ i`�BM UM�K2Hv
Bib bi`QM; BM/2T2M/2M+2 �bbmKTiBQMbV �HbQ K�F2b Bi MQi � +H2�` }i 7Q` +2`i�BM
Qi?2` T`Q#H2KbX 6Q` 2t�KTH2- B7 r2 ?�p2 � bi`QM; bmbTB+BQM i?�i +2`i�BM 72�im`2b
BM � T`Q#H2K �`2 ?B;?Hv +Q``2H�i2/- i?2M L�Bp2 "�v2b K�v MQi #2 � ;QQ/ }iX
PM2 2t�KTH2 Q7 i?Bb +QmH/ #2 B7 r2 �`2 mbBM; i?2 H�M;m�;2 BM �M 2K�BH K2bb�;2
iQ H�#2H r?2i?2` Bi ?�b TQbBiBp2 Q` M2;�iBp2 b2MiBK2Mi- �M/ r2 mb2 72�im`2b 7Q`
r?2i?2` Q` MQi � K2bb�;2 +QMi�BMb +2`i�BM rQ`/bX
h?2 T`2b2M+2 Q7 � ;Bp2M br2�` rQ`/ rQmH/ #2 ?B;?Hv +Q``2H�i2/ rBi? i?2 �TT2�`@
�M+2 Q7 �Mv Qi?2` br2�` rQ`/- #mi L�Bp2 "�v2b rQmH/ /Bb`2;�`/ i?Bb +Q``2H�iBQM
#v K�FBM; 7�Hb2 BM/2T2M/2M+2 �bbmKTiBQMbX Pm` KQ/2H +QmH/ i?2M b2p2`2Hv mM@
/2`T2`7Q`K #2+�mb2 Bi Bb B;MQ`BM; BM7Q`K�iBQM �#Qmi i?2 /�i�X h?Bb Bb bQK2i?BM;
iQ #2 +�`27mH �#Qmi r?2M mbBM; i?Bb KQ/2H5

h2bi uQm` EMQrH2/;2
L�Bp2 "�v2b �bbmKTiBQM
aKQQi?BM;
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"�bB+b Q7 amTTQ`i o2+iQ` J�+?BM2b

6B;m`2 Ry, amTTQ`i p2+iQ` K2K2

AM i?Bb b2+iBQM- r2 rBHH 2tTHQ`2 � 7�KBHv Q7 +H�bbB}+�iBQM �H;Q`Bi?Kb i?�i ?�b �
p2`v /Bz2`2Mi i?2Q`2iB+�H KQiBp�iBQM 7`QK QM2b r2Ƕp2 b22M T`2pBQmbHvX q2 rBHH
#2 HQQFBM; �i bmTTQ`i p2+iQ` K�+?BM2bX
"�+F BM i?2 2�`Hv kyyyb #27Q`2 /22T H2�`MBM; bm`;2/ iQ i?2 7Q`27`QMi Q7 �A-
bmTTQ`i p2+iQ` K�+?BM2b r2`2 i?2 +QQH FB/ QM i?2 #HQ+FX 1p2M iQ/�v- bmTTQ`i
p2+iQ` K�+?BM2b �`2 biBHH QM2 Q7 i?2 #2bi ;Q@iQ �H;Q`Bi?Kb 7Q` � M2r +H�bbB}+�iBQM
i�bF #2+�mb2 Q7 i?2B` TQr2`7mH �#BHBiv iQ `2T`2b2Mi p2`v /Bp2`b2 ivT2b Q7 bi�iBbiB+�H
`2H�iBQMb?BTb BM /�i� �b r2HH �b i?2B` 2�b2 Q7 i`�BMBM;X

J�t@J�`;BM JQiBp�iBQMb
G2iǶb #2;BM #v KQiBp�iBM; bmTTQ`i p2+iQ` K�+?BM2bX _2+�HH Qm` `B/B+mHQmbHv
Qp2`mb2/ +H�bbB}+�iBQM T`Q#H2K, B/2MiB7vBM; r?2i?2` � +�` Bb +?2�T Q` 2tT2M@
bBp2- #�b2/ QM � b2i Q7 72�im`2b Q7 i?�i +�`X
AK�;BM2 i?�i r2 �`2 THQiiBM; bQK2 Q7 Qm` /�i� BM k@/BK2MbBQM�H 72�im`2 bT�+2X AM
Qi?2` rQ`/b- r2 �`2 QMHv 2ti`�+iBM; irQ 72�im`2b- X1 �M/ X2- 7`QK 2�+? +�` 7Q`
#mBH/BM; Qm` KQ/2HX 6m`i?2`KQ`2- H2iǶb H�#2H 2�+? TQBMi "Gl1 B7 Bi `2T`2b2Mib �
+�` i?�i Bb +?2�T �M/ _1. B7 Bi `2T`2b2Mib � +�` i?�i Bb H�#2HH2/ 2tT2MbBp2X
q2 rBHH i`v iQ H2�`M � HBM2�` KQ/2H Q7 Qm` 72�im`2b- T�`�K2i2`Bx2/ #v i?2 r2B;?ib
W1 �M/ W2X Pm` KQ/2H rBHH QmiTmi "Gl1 B7 W1 · X1 + W2 · X2 < 0 �M/ _1.
B7 W1 · X1 + W2 · X2 >= 0X

R8



h?Bb KQ/2H rBHH /2b+`B#2 � HBM2�` b2T�`�iQ` Q7 � +QHH2+iBQM Q7 /�i�X h?�i HBM2�`
b2T�`�iQ` Q7 Qm` /�i� +QmH/ HQQF �b b?QrM BM 6B;m`2 RRX

6B;m`2 RR, GBM2�` b2T�`�iQ` Q7 Qm` /�i�

>2`2 i?2 /�i�TQBMib �#Qp2 i?2 HBM2 �`2 +H�bbB}2/ �b _1.- r?BH2 i?Qb2 #2HQr �`2
+H�bbB}2/ �b "Gl1X h?2 BKTQ`i�Mi i?BM; iQ b22 Bb i?�i i?Bb Bb QMHv QM2 TQbbB#H2
HBM2�` b2T�`�iQ` Q7 i?2 /�i�X >Qr2p2`- r2 +QmH/ 2MpBbBQM �MQi?2` b2T�`�iQ` i?�i
+QmH/ b2T�`�i2 i?2 /�i�b2i BMiQ irQ +QHQ`2/ ?�Hp2b Dmbi �b r2HH Ub?QrM BM 6B;m`2
RkVX
AM 7�+i- i?2`2 �`2 �M BM}MBi2 MmK#2` Q7 TQbbB#H2 b2T�`�iQ`b i?�i rQmH/ bTHBi i?2
/�i� T2`72+iHv5 >Qr /Q r2 +?QQb2 �KQM; i?2K\
*QMbB/2` ?Qr r2 /2+B/2/ iQ H�#2H � /�i�TQBMi �b _1. Q` "Gl1X q2 +QKTmi2/
W1 · X1 + W2 · X2 �M/ b�B/ B7 Bi r�b M2;�iBp2- r2 H�#2HH2/ i?2 TQBMi "Gl1X
Pi?2`rBb2 r2 H�#2HH2/ Bi _1.X AMimBiBp2Hv- Bi b22Kb i?�i B7 i?2 [m�MiBiv W1 ·
X1 + W2 · X2 7Q` � ;Bp2M TQBMi Bb R8- r2 �`2 KQ`2 +QM}/2Mi i?�i Bi b?QmH/ #2
_1. i?�M QM2 7Q` r?B+? i?2 [m�MiBiv Bb RX
�Hi2`M�iBp2Hv- i?2 KQ`2 M2;�iBp2 i?2 [m�MiBiv Bb 7Q` � TQBMi i?2 KQ`2 +QM}/2Mi
r2 �`2 i?�i Bi b?QmH/ #2 "Gl1X AM 7�+i- r2 +�M mb2 i?Bb p�Hm2 iQ Dm/;2 Qm`
+QM}/2M+2 7Q` 2p2`v bBM;H2 TQBMi5
:2QK2i`B+�HHv- i?Bb +QM}/2M+2 7Q` � TQBMiǶb H�#2H +�M #2 `2T`2b2Mi2/ �b i?2 T2`@
T2M/B+mH�` /Bbi�M+2 7`QK i?2 TQBMi iQ i?2 b2T�`�iQ`X AM 6B;m`2 - r2 ?�p2 /2b@
B;M�i2/ i?2 T2`T2M/B+mH�` /Bbi�M+2b iQ i?2 b2T�`�iQ` 7Q` b2p2`�H b�KTH2 TQBMib
rBi? i?2 :_11L HBM2bX
LQr BK�;BM2 B7 r2 iQQF i?2 KBMBKmK /Bbi�M+2 iQ i?2 b2T�`�iQ` �+`Qbb �HH i?2

Re



6B;m`2 Rk, �Hi2`M�iBp2 HBM2�` b2T�`�iQ` Q7 Qm` /�i�

6B;m`2 Rj, GBM2�` b2T�`�iQ` Q7 Qm` /�i� rBi? /Bbi�M+2b b?QrM

Rd



TQBMib BM i?2 /�i�b2iX h?Bb KBMBKmK p�Hm2 Bb +�HH2/ i?2 K�`;BMX AM 6B;m`2 R9
r2 b?Qr i?2 TQBMi i?�i �+?B2p2b i?2 K�`;BM 7Q` i?2 ;Bp2M b2T�`�iQ`X

6B;m`2 R9, J�`;BMb b?QrM

PTiBK�H K�`;BMb �`2 �i i?2 +Q`2 Q7 bmTTQ`i p2+iQ` K�+?BM2 i?2Q`v- �M/ i?2v
BM7Q`K ?Qr r2 rBHH TB+F i?2 ǳ#2biǴ HBM2�` b2T�`�iQ` �KQM; i?2 BM}MBi2 +?QB+2bX
h?2 r�v r2 rBHH /Q i?Bb Bb #v TB+FBM; i?2 HBM2�` b2T�`�iQ` i?�i K�tBKBx2b i?2
K�`;BMX
Smi �MQi?2` r�v- 2�+? b2T�`�iQ` /2}M2b � +2`i�BM K�`;BM UBX2X �M �bbQ+B�i2/
KBMBKmK T2`T2M/B+mH�` /Bbi�M+2 iQ i?2 b2T�`�iQ`VX h?2M- �KQM; i?2 BM}MBi2
TQbbB#H2 b2T�`�iQ`b- r2 rBHH TB+F i?2 b2T�`�iQ` i?�i K�tBKBx2b i?2 K�`;BMX
J�F2 bm`2 vQm `2�HHv mM/2`bi�M/ i?�i H�bi bi�i2K2Mi5 amTTQ`i p2+iQ` K�+?BM2b
�`2 Q7i2M +�HH2/ K�t@K�`;BM +H�bbB}2`b 7Q` i?�i 2t�+i `2�bQMX :Bp2M �M QT@
iBK�H K�`;BM HBM2�` b2T�`�iQ`- i?2 TQBMib rBi? i?2 bK�HH2bi K�`;BMb i?�i �`2
+HQb2bi iQ i?2 HBM2�` b2T�`�iQ` �`2 +�HH2/ i?2 bmTTQ`i p2+iQ`bX

h`�BMBM; i?2 aoJ
aQ- ?Qr /Q r2 i`�BM � bmTTQ`i p2+iQ` K�+?BM2\ h?2 7mHH K�i?2K�iB+�H /2i�BHb
iQ /2b+`B#2 i?2 +Qbi 7mM+iBQM r2 r�Mi iQ QTiBKBx2 �`2 � #Bi #2vQM/ i?2 b+QT2 Q7
i?Bb b2+iBQM- #mi r2 rBHH ;Bp2 � #`B27 /2b+`BTiBQM Q7 i?2 i`�BMBM; +Qbi 7mM+iBQMX
:Bp2M � +QHH2+iBQM Q7 /�i�TQBMib [(X1, Y1), (X2, Y2), ..., (Xn, Yn)] Ur?2`2 X �`2
i?2 BMTmi 72�im`2b �M/ Y �`2 i?2 +Q``2+i QmiTmi H�#2HbV �M/ � p2+iQ` Q7 r2B;?ib W
7Q` Qm` BMTmi 72�im`2b- }M/BM; i?2 QTiBK�H K�`;BM +H�bbB}2` �KQmMib iQ bQHpBM;

R3



KBMW
1
2 ||W ||2

bm+? i?�i Yi(W T Xi) ≥ 1 7Q` �HH i = 1, ..., n

h?Bb +Qbi 7mM+iBQM Bb #�bB+�HHv � 7�M+v r�v Q7 b�vBM; i?�i r2 r�Mi K�tBKBx2 i?2
K�`;BM- r?BH2 2Mbm`BM; i?2 K�`;BM Q7 2�+? /�i�TQBMi Bb ;`2�i2` i?�M Q` 2[m�H iQ
RX
Ai im`Mb Qmi }M/BM; i?2 QTiBKmK 7Q` i?Bb +Qbi 7mM+iBQM Bb � +QMp2t QTiBKBx�iBQM
T`Q#H2K- r?B+? K2�Mb i?2`2 2tBbi bi�M/�`/ �H;Q`Bi?Kb 7Q` bQHpBM; i?2 T`Q#H2KX
h?Bb Bb ;QQ/ M2rb 7Q` mb #2+�mb2 Bi K2�Mb QTiBK�HHv i`�BMBM; � bmTTQ`i p2+iQ`
K�+?BM2 Bb � i`�+i�#H2 T`Q#H2K5
�b � TQBMi Q7 +QKT�`BbQM- i?2`2 2tBbi bQK2 T`Q#H2Kb 7Q` r?B+? r2 +�MMQi }M/
i?2 QTiBK�H p�Hm2 BM � +QKTmi�iBQM�HHv `2�bQM�#H2 iBK2X Ai K�v 2p2M i�F2 2tTQ@
M2MiB�H iBK2 iQ }M/ i?2 QTiBKmK5

h?2 E2`M2H h`B+F
h?mb 7�` r2 ?�p2 KQiBp�i2/ bmTTQ`i p2+iQ` K�+?BM2b #v QMHv 7Q+mbBM; QM HBM2�`
b2T�`�iQ`b Q7 /�i�X Ai im`Mb Qmi i?�i bmTTQ`i p2+iQ` K�+?BM2b +�M �+im�HHv H2�`M
MQMHBM2�` b2T�`�iQ`b- r?B+? Bb r?v i?2v �`2 bm+? � TQr2`7mH KQ/2H +H�bb5
hQ KQiBp�i2 i?Bb B/2�- BK�;BM2 i?�i r2 ?�p2 �M BMTmi TQBMi rBi? i?`22 72�im`2b
X = (X1, X2, X3)X q2 +�M i`�Mb7Q`K i?2 j@/BK2MbBQM�H p2+iQ` X BMiQ � ?B;?2`@
/BK2MbBQM�H p2+iQ` #v �TTHvBM; � i`�Mb7Q`K�iBQM 7mM+iBQM �b 7QHHQrb, T (X) =
(X1, X2, X3, X1 · X1, X2 · X2, X3 · X3)X
Pm` i`�Mb7Q`K�iBQM 7mM+iBQM /B/ irQ i?BM;b,

RV Bi +`2�i2/ � e@/BK2MbBQM�H p2+iQ` 7`QK � j@/BK2MbBQM�H QM2
kV Bi �//2/ MQMHBM2�` BMi2`�+iBQMb BM Qm` 72�im`2b #v ?�pBM; +2`i�BM M2r 72�@

im`2b #2 i?2 b[m�`2b Q7 i?2 Q`B;BM�H 72�im`2bX
h`�Mb7Q`KBM; 72�im`2b BMiQ � ?B;?2`@/BK2MbBQM�H bT�+2 ?�b bQK2 T2`Fb- M�K2Hv
i?�i bQK2 /�i� r?B+? Bb MQi HBM2�`Hv b2T�`�#H2 BM � +2`i�BM@/BK2MbBQM�H bT�+2
+QmH/ #2+QK2 HBM2�`Hv b2T�`�#H2 r?2M r2 T`QD2+i Bi BMiQ i?2 ?B;?2`@/BK2MbBQM�H
bT�+2X
�b � KQiBp�iBM; 2t�KTH2- +QMbB/2` i?2 /�i� BM 6B;m`2 R8 r?B+? Bb MQi HBM2�`Hv
b2T�`�#H2 BM k@/ bT�+2X
Ai #2+QK2b b2T�`�#H2 BM j@/BK2MbBQM�H bT�+2 i?`Qm;? �M �TT`QT`B�i2 72�im`2
i`�Mb7Q`K�iBQM 6B;m`2 \\X
am+? BMTmi 72�im`2 i`�Mb7Q`K�iBQMb �`2 T�`iB+mH�`Hv mb27mH BM bmTTQ`i p2+iQ`
K�+?BM2bX Ai im`Mb Qmi i?�i bmTTQ`i p2+iQ` K�+?BM2b 7Q`K�HBx2 i?2 MQiBQM Q7
i?2b2 72�im`2 i`�Mb7Q`K�iBQM 7mM+iBQM i?`Qm;? bQK2i?BM; +�HH2/ � F2`M2HX

RN



6B;m`2 R8, LQM@b2T�`�#H2 /�i�

6B;m`2 Re, a2T�`�#H2 /�i� \\

ky



qBi?Qmi ;2iiBM; iQQ Km+? BMiQ i?2 K�i?2K�iB+�H /2i�BHb- � F2`M2H �HHQrb �
bmTTQ`i p2+iQ` K�+?BM2 iQ H2�`M mbBM; i?2b2 i`�Mb7Q`K2/ 72�im`2b BM ?B;?2`@
/BK2MbBQM�H bT�+2 BM � Km+? KQ`2 +QKTmi�iBQM�HHv 2{+B2Mi r�vX h?Bb Bb +�HH2/
i?2 F2`M2H i`B+FX
1t�KTH2b Q7 F2`M2Hb i?�i �`2 7`2[m2MiHv mb2/ r?2M H2�`MBM; � bmTTQ`i p2+iQ`
K�+?BM2 KQ/2H BM+Hm/2 i?2 TQHvMQKB�H F2`M2H �M/ i?2 `�/B�H #�bBb 7mM+iBQM F2`@
M2HX
� `2�HHv +`�xv K�i?2K�iB+�H T`QT2`iv Q7 i?2 `�/B�H #�bBb 7mM+iBQM Bb i?�i Bi +�M
#2 BMi2`T`2i2/ �b � K�TTBM; 7Q` �M BM}MBi2@/BK2MbBQM�H 72�im`2 bT�+25 �M/ v2i
r2 +�M biBHH mb2 Bi iQ /Q 2z2+iBp2 H2�`MBM; BM Qm` KQ/2HbX h?�iǶb BMb�M2

aH�+FBM; Pz
h?mb 7�`- r2 ?�p2 �bbmK2/ i?�i i?2 /�i� r2 �`2 rQ`FBM; rBi? Bb �Hr�vb HBM2�`Hv
b2T�`�#H2X �M/ B7 Bi r�bMǶi iQ #2;BM rBi?- r2 �bbmK2/ r2 +QmH/ T`QD2+i Bi BMiQ
� ?B;?2`@/BK2MbBQM�H 72�im`2 bT�+2 r?2`2 Bi rQmH/ #2 HBM2�`Hv b2T�`�#H2 �M/ i?2
F2`M2H i`B+F rQmH/ /Q �HH i?2 ?2�pv HB7iBM;X
>Qr2p2`- Qm` /�i� K�v MQi �Hr�vb #2 HBM2�`Hv b2T�`�#H2X q2 K�v }M/ Qm`b2Hp2b
BM � bBim�iBQM �b b?QrM BM 6B;m`2 Rd r?2`2 Bi Bb BKTQbbB#H2 iQ HBM2�`Hv b2T�`�i2
i?2 /�i�X

6B;m`2 Rd, LQM@HBM2�`Hv b2T�`�#H2 /�i�

JQ`2Qp2`- `2+�HH i?�i Qm` Q`B;BM�H bmTTQ`i p2+iQ` K�+?BM2 +Qbi 7mM+iBQM 2M7Q`+2/
i?2 +QMbi`�BMi i?�i 2p2`v TQBMi M22/b iQ ?�p2 � K�`;BM ;`2�i2` i?�M Q` 2[m�H iQ
RX

kR

https://en.wikipedia.org/wiki/Polynomial_kernel
https://en.wikipedia.org/wiki/Radial_basis_function_kernel
https://en.wikipedia.org/wiki/Radial_basis_function_kernel


"mi T2`?�Tb i?Bb +QM/BiBQM Bb iQQ bi`B+i 7Q` �HH +�b2bX 6Q` 2t�KTH2- 2M7Q`+BM;
i?Bb +QM/BiBQM 7Q` �HH TQBMib K�v K�F2 Qm` KQ/2H p2`v bmb+2TiB#H2 iQ QmiHB2`b �b
b?QrM BM 6B;m`2 R3X

6B;m`2 R3, amTTQ`i p2+iQ` K�+?BM2 QmiHB2` /B�;`�K

hQ +QK#�i i?Bb T`Q#H2K- r2 +�M BMi`Q/m+2 r?�i �`2 +�HH2/ bH�+F T2M�HiB2b BMiQ
Qm` bmTTQ`i p2+iQ` K�+?BM2 Q#D2+iBp2 i?�i �HHQr +2`i�BM TQBMib iQ ?�p2 K�`;BMb
TQi2MiB�HHv bK�HH2` i?�M RX qBi? i?2b2 T2M�HiB2b- Qm` M2r +Qbi HQQFb �b 7QHHQrb,

KBMW
1
2 ||W ||2 + K ·

∑

i

si

bm+? i?�i Yi(W T Xi) ≥ 1 − si 7Q` �HH i = 1, ..., n

si ≥ 0 7Q` �HH i = 1, ..., m

>2`2 i?2 si �`2 Qm` bH�+F p�`B�#H2bX LQiB+2 i?�i r2 ?�p2 +?�M;2/ i?2 2tT`2bbBQM
r2 �`2 i`vBM; iQ KBMBKBx2X h?2 p�Hm2 E Bb r?�i Bb +�HH2/ � ?vT2`T�`�K2i2`X
AM � Mmib?2HH- i?Bb K2�Mb r2 +�M �/Dmbi E iQ /2i2`KBM2 ?Qr Km+? r2 r�Mi Qm`
KQ/2H iQ 7Q+mb QM KBMBKBxBM; i?2 M2r i2`K BM Qm` +Qbi 7mM+iBQM Q` i?2 QH/ i2`KX
h?Bb Bb Qm` }`bi 2t�KTH2 Q7 � p2`v BKTQ`i�Mi +QM+2Ti BM K�+?BM2 H2�`MBM; +�HH2/
`2;mH�`Bx�iBQMX
q2 rBHH /Bb+mbb `2;mH�`Bx�iBQM BM � HQi KQ`2 /2i�BH BM i?2 M2ti b2+iBQMX 6Q` MQr-
Dmbi mM/2`bi�M/ i?�i i?Bb M2r �//BiBQM K�F2b i?2 bmTTQ`i p2+iQ` K�+?BM2 KQ`2
`Q#mbi iQ MQMHBM2�`Hv@b2T�`�#H2 /�i�X

kk



6BM�H h?Qm;?ib
amTTQ`i p2+iQ` K�+?BM2b �`2 p2`v TQr2`7mH KQ/2HX h?2v �`2 ;`2�i 7Q` ?�M/HBM;
HBM2�`Hv b2T�`�#H2 /�i� �M/ rBi? i?2B` p�`BQmb 2ti2MbBQMb +�M �/2[m�i2Hv ?�M/H2
MQMHBM2�`Hv b2T�`�#H2 /�i� b+2M�`BQb
�b T�`i Q7 i?2 K�+?BM2 H2�`MBM; iQQHFBi- Bi Bb � ;`2�i ;Q@iQ KQ/2H iQ i`v r?2M
bi�`iBM; QM � M2r T`Q#H2KX >Qr2p2`- QM2 Q7 Bib /QrMbB/2b Bb i?�i mbBM; +2`i�BM
F2`M2Hb- bm+? �b i?2 `�/B�H #�bBb 7mM+iBQM F2`M2H- +�M bQK2iBK2b K�F2 i?2 KQ/2H
i`�BMBM; bHQr2`- bQ #2 r�`v Q7 i?�iX

h2bi uQm` EMQrH2/;2
amTTQ`i o2+iQ` .2b+`BTiBQM
aH�+F o�`B�#H2b

kj

https://www.confetti.ai/questions/71-0?utm_source=primer&utm_medium=pdf&utm_campaign=primer-qs
https://www.confetti.ai/questions/70-0?utm_source=primer&utm_medium=pdf&utm_campaign=primer-qs


.2+BbBQM h`22b

6B;m`2 RN, .2+BbBQM i`22 K2K2

AM i?Bb b2+iBQM r2 rBHH /Bb+mbb � rQM/2`7mH KQ/2H i?�i Bb MQi QMHv p2`v TQr2`7mH
#mi ?�b p2`v +QMp2MB2Mi BMi2`T`2i�#BHBivX AM 7�+i- i?2 mM/2`HvBM; bi`m+im`2 Q7 i?2
KQ/2H ?�b p2`v +H2�` �M�HQ;B2b iQ ?Qr ?mK�Mb �+im�HHv K�F2 /2+BbBQMbX
h?2 KQ/2H r2 rBHH #2 /Bb+mbbBM; Bb +�HH2/ /2+BbBQM i`22bX .2+BbBQM i`22b �`2
bQ `Q#mbi i?�i bQK2 K�+?BM2 H2�`MBM; T`�+iBiBQM2`b #2HB2p2 i?2v Qz2` i?2 #2bi
Qmi@Q7@i?2@#Qt T2`7Q`K�M+2 QM M2r T`Q#H2K /QK�BMbX aQmM/ 2t+BiBM;\ G2iǶb
/Bp2 BM5

JQiBp�iBQMb
hQ KQiBp�i2 /2+BbBQM i`22b- H2iǶb bi�`i rBi? � ?vTQi?2iB+�H T`Q#H2K, /2+B/BM;
r?2i?2` Q` MQi r2 rBHH T�bb Qm` �`iB}+B�H BMi2HHB;2M+2 2t�K i?Bb r22FX AM Qi?2`
rQ`/b r2 r�Mi iQ #mBH/ � KQ/2H i?�i- ;Bp2M � /�i�b2i Q7 T�bi 2t�K 2tT2`B2M+2b-
rBHH QmiTmi 2Bi?2` � u1a r2 rBHH T�bb Q` LP r2 rQMǶiX h?Bb rBHH #2 /QM2 #v
2ti`�+iBM; bQK2 72�im`2b 7`QK i?2 /�i�b2iX aQ r?�i 72�im`2b b22K `2H2p�Mi 7Q`
i?Bb T`Q#H2K\
q2HH- 7Q` bi�`i2`b Bi K�v #2 BKTQ`i�Mi ?Qr Km+? bH22T r2 ;2i i?2 MB;?i #27Q`2
i?2 2t�KX AM T�`iB+mH�`- B7 r2 ;2i 3 Q` KQ`2 ?Qm`b Q7 bH22T- r2 ?�p2 � Km+?
?B;?2` +?�M+2 Q7 /QBM; r2HH UMQ b+B2MiB}+ 2pB/2M+2 7Q` i?Bb MmK#2` #mi Bi bQmM/b
HBF2 Bi +QmH/ #2 i`m2VX LQr 7Q` �M �`#Bi`�`v 2t�K i?�i r2 r�Mi iQ +H�bbB7v- r2
+QmH/ `2T`2b2Mi Qm` HQ;B+ �b � ~Qr+?�`i b?QrM BM 6B;m`2 kyX
LQi2- r2 +QmH/ biQT ?2`2 B7 r2 r�Mi2/ �M/ H2i Qm` 2MiB`2 KQ/2H BMpQHp2 i?Bb
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bBM;H2 bH22T [m2biBQMX "mi Bi b22Kb HBF2 r2 +QmH/ /Q #2ii2` i?�M i?Bb- bBM+2
r2 �`2 /Bb`2;�`/BM; bQ K�Mv Qi?2` TQbbB#H2 BM/B+�iQ`b 7Q` bm++2bb QM Qm` 2t�KX
G2iǶb +QMiBMm2 iQ K�F2 Qm` KQ/2H KQ`2 TQr2`7mH5
�MQi?2` TQbbB#Hv mb27mH 72�im`2 Bb r?2i?2` i?2 2t�K Bb BM i?2 KQ`MBM; Q` 2p2MBM;X
S2`?�Tb r2 �`2MǶi `2�HHv KQ`MBM; T2QTH2 �M/ T`272` iQ /Q i?BM;b H�i2` BM i?2 /�vX
q2 +�M +QMiBMm2 iQ #mBH/ Qmi Qm` ~Qr+?�`i b?QrM BM 6B;m`2 kRX
LQiB+2 ?Qr rBi? i?Bb i`22- i?2`2 Bb � ~Qr r?2`2 r2 ;2i H2bb i?�M 3 ?Qm`b Q7 bH22T
#mi i?2 2t�K Bb BM i?2 2p2MBM; �M/ bQ r2 biBHH T�bb5 h?2 #2?�pBQ` Q7 Qm` KQ/2H
7Q` /Bz2`2Mi 72�im`2b Bb �HH T`2/B+�i2/ QM i?2 /�i�b2i r2 �`2 mbBM; iQ i`�BM i?2
KQ/2HX
AM i?Bb +�b2- r2 Kmbi ?�p2 ?�/ � +QHH2+iBQM Q7 T�bi 2t�K /�i�TQBMib r?2`2 r2
;Qi H2bb i?�M 3 ?Qm`b Q7 bH22T �M/ iQQF i?2 2t�K BM i?2 2p2MBM;- �M/ ?2M+2 r2
T�bb2/ i?2 2t�KX
LQr- r2 +QmH/ +QMiBMm2 iQ #mBH/ Qmi Qm` KQ/2H BM i?Bb 7�b?BQMX q2 K�v miBHBx2
Qi?2` �ii`B#mi2b Q7 Qm` /�i� bm+? �b i?2 /�v Q7 i?2 r22F i?2 2t�K Bb QMX Ai im`Mb
Qmi i?Bb ~Qr +?�`i Bb Qm` }`bi /2+BbBQM i`225
.2+BbBQM i`22b �`2 /2}M2/ #v i?Bb ?B2`�`+?B+�H bi`m+im`2 bi�`iBM; �i bQK2 `QQiX
LQi2 i?�i ?2`2 Qm` i`22 Bb i2+?MB+�HHv BMp2`i2/- bBM+2 Bi Bb ;`QrBM; /QrMr�`/bX
>Qr2p2`- i?Bb Bb i`�/BiBQM�HHv ?Qr /2+BbBQM i`22b �`2 pBbm�HBx2/X �i 2�+? H2p2H-
r2 b2H2+i � 72�im`2 iQ mb2 7Q` � #BM�`v bTHBi Q7 Qm` /�i�X �i i?2 H2�p2b Q7 i?2
i`22- r2 T`2/B+i QM2 Q7 i?2 TQbbB#H2 QmiTmi H�#2Hb Q7 Qm` T`Q#H2KX
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.2+BbBQM i`22b �`2 � p2`v MB+2 KQ/2H 7�KBHv #2+�mb2 QM+2 r2Ƕp2 #mBHi i?2 i`22-
BiǶb `2H�iBp2Hv bi`�B;?i7Q`r�`/ iQ mM/2`bi�M/ ?Qr � KQ/2H K�F2b � T`2/B+iBQM
7Q` � ;Bp2M BMTmiX Ai HBi2`�HHv /Q2b bQ BM i?2 b�K2 r�v r2 rQmH/ mb2 � ~Qr+?�`i-
bi�`iBM; �i i?2 iQT �M/ i`�p2`bBM; i?2 #`�M+?2b �++Q`/BM; iQ i?2 72�im`2b Q7 Qm`
BMTmiX aBKTH2- `B;?i\
q2HH- v2b- �bbmKBM; r2 �H`2�/v ?�p2 � i`22 #mBHi QmiX "mi ?Qr /Q r2 +?QQb2 i?2
72�im`2b iQ bTHBi �i 2�+? `2bT2+iBp2 H2p2H Q7 i?2 i`22\ h?2`2 �`2 � HQi Q7 QTiBQMb-
�M/ i?2v +QmH/ /`�biB+�HHv BKT�+i Qm` KQ/2HǶb T`2/B+iBQMbX q2 rBHH 2tTHQ`2 ?Qr
iQ #mBH/ � /2+BbBQM i`22 M2tiX

:`QrBM; i?2 h`22
Ai im`Mb Qmi i?�i #mBH/BM; �M QTiBK�H i`22 Bb LS@+QKTH2i2- r?B+? Bb � 7�M+v
r�v Q7 b�vBM; i?�i ;Bp2M �M �`#Bi`�`v /�i�b2i- i?2`2 Bb MQ +QKTmi�iBQM�HHv 2{@
+B2Mi r�v iQ /2i2`KBM2 �M QTiBK�H i`22X "2+�mb2 Q7 i?Bb- #mBH/BM; � i`22 �Hr�vb
BMpQHp2b bQK2 bQ`i Q7 ;`22/v �H;Q`Bi?KX
q?�i i?Bb K2�Mb Bb i?�i r?2M r2 �`2 #mBH/BM; Qm` i`22- r2 rBHH +?QQb2 72�im`2b 7Q`
bTHBib rBi? K2i`B+b #�b2/ QM HQ+�HHv QTiBK�H +QMbB/2`�iBQMb `�i?2` i?�M ;HQ#�HHv
QTiBK�H QM2bX �b � +QMb2[m2M+2- r2 K�v MQi ;2i i?2 �#bQHmi2 #2bi@T2`7Q`KBM;
i`22- #mi r2 ;2i i?2 #2M2}i Q7 �M QTiBKBx�iBQM T`Q+2/m`2 i?�i +�M #2 +QKTH2i2/
BM � `2�bQM�#H2 �KQmMi Q7 iBK2X

ke



h?2`2 �`2 K�Mv K2i`B+b 7Q` TB+FBM; i?2b2 72�im`2b iQ bTHBi- #mi r2 rBHH 7Q+mb QM
QM2 +QKKQMHv mb2/ K2i`B+ +�HH2/ BM7Q`K�iBQM ;�BMX
AM7Q`K�iBQM ;�BM Bb p2`v `2H�i2/ iQ i?2 +QM+2Ti Q7 2Mi`QTv BM BM7Q`K�iBQM i?2@
Q`vX AM ;2M2`�H- /2+BbBQM i`22 �H;Q`Bi?Kb mbBM; BM7Q`K�iBQM ;�BM b22F iQ #mBH/ �
i`22 iQT@/QrM #v b2H2+iBM; �i 2�+? H2p2H i?2 72�im`2 i?�i `2bmHib BM i?2 H�`;2bi
BM7Q`K�iBQM ;�BMX 6B`bi r2 /2}M2 i?2 2Mi`QTv Q7 � i`22 T �b 7QHHQrb,

1Mi`QTv(T ) = −
n∑

i=1
pi log pi

AM Qm` 2[m�iBQM �#Qp2- pi /2MQi2b i?2 7`�+iBQM Q7 � ;Bp2M H�#2H BM � b2i Q7 /�i�@
TQBMib BM i?2 i`22X q?�i /Q2b i?Bb K2�M\ hQ K�F2 i?Bb +QM+`2i2- H2iǶb ;Q #�+F
iQ Qm` 2t�KTH2 Q7 /2i2`KBMBM; i?2 Qmi+QK2 Q7 Qm` �`iB}+B�H BMi2HHB;2M+2 2t�KX
AK�;BM2 i?�i r2 ?�/ � i`�BMBM; b2i Q7 ky 2t�KTH2b U� HQi Q7 Qm` 7`B2M/b ?�p2
i�F2M �`iB}+B�H BMi2HHB;2M+2 +Qm`b2bVX _2+�HH i?�i Qm` 2t�KTH2 ?�/ irQ TQi2MiB�H
H�#2Hb, u1a r2 T�bb Q` LP r2 /QMǶiX P7 i?Qb2 ky b�KTH2b- Rk 7`B2M/b T�bb2/-
�M/ 3 /B/ MQiX h?2`27Q`2- �i i?2 #2;BMMBM; Q7 Qm` i`22 #mBH/BM;- #27Q`2 r2 ?�p2
K�/2 �Mv 72�im`2 bTHBi- i?2 2Mi`QTv Q7 Qm` i`22 Bb,

1Mi`QTv(TQ`B;BM�H) = −12
20 log 12

20 − 8
20 log 8

20
≈ 0.2922

>Qr /Q2b i?Bb +?�M;2 r?2M r2 +?QQb2 � 72�im`2 iQ bTHBi 7Q` Qm` }`bi H2p2H\ G2iǶb
�bbmK2 i?�i r?2M r2 bTHBi QM r?2i?2` Q` MQi r2 bH2Ti 7Q` 3 ?Qm`b- r2 ;2i irQ
b2ib Q7 /�i�TQBMibX
6Q` i?2 b2i rBi? H2bb i?�M 3 ?Qm`b Q7 bH22T- r2 ?�p2 Ry b�KTH2b- Q7 r?B+? d /B/
MQi T�bb �M/ j T�bb2/ Ui?Bb Bb r?v vQm M22/ iQ ;2i bH22T #27Q`2 i2bibVX 6Q` i?2
b2i rBi? 3 Q` KQ`2 ?Qm`b Q7 bH22T- r2 ?�p2 ky @ Ry 4 Ry b�KTH2b- Q7 r?B+? N
T�bb2/ �M/ R /B/ MQiX >2M+2 i?2 2Mi`QTv 7Q` i?2 i`22Ƕb +?BH/`2M rBi? i?Bb bTHBi Bb

1Mi`QTv(aTHBi<3 ?Qm`b) = − 7
10 log 7

10 − 3
10 log 3

10
≈ 0.265

7Q` i?2 b2i rBi? H2bb i?�M 3 ?Qm`b �M/

1Mi`QTv(aTHBi≥3 ?Qm`b) = − 9
10 log 9

10 − 1
10 log 1

10
≈ 0.1412

7Q` i?2 b2i rBi? 3 Q` KQ`2 ?Qm`bX G2i T #2 Qm` Q`B;BM�H i`22 �M/ f #2 i?2 72�im`2
r2 �`2 +QMbB/2`BM; bTHBiiBM; QMX h?2 BM7Q`K�iBQM ;�BM Bb /2}M2/ �b 7QHHQrb,
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AM7Q :�BM(T, f) = 1Mi`QTv − 1Mi`QTv(T |f)

AM TH�BM 1M;HBb?- i?Bb Bb b�vBM; i?�i i?2 BM7Q`K�iBQM ;�BM Bb 2[m�H iQ i?2 2Mi`QTv
Q7 i?2 i`22 #27Q`2 i?2 72�im`2 bTHBi KBMmb i?2 r2B;?i2/ bmK Q7 i?2 2Mi`QTv Q7 i?2
i`22Ƕb +?BH/`2M K�/2 #v i?2 bTHBiX PF- MQi [mBi2 TH�BM 1M;HBb?X
G2iǶb K�F2 i?Bb +QM+`2i2X 6Q` Qm` 2t�KTH2- i?2 BM7Q`K�iBQM ;�BM rQmH/ #2,

AM7Q :�BM(T, f) = 0.2922 − 10
20 · 0.265 − 10

20 · 0.1412

≈ 0.0891

LQiB+2 ?2`2 i?�i i?2 10
20 7`�+iBQMb `2T`2b2Mi i?2 r2B;?ib QM i?2 2Mi`QTB2b Q7 i?2

+?BH/`2M- bBM+2 i?2`2 �`2 Ry Q7 i?2 ky TQbbB#H2 /�i�TQBMib BM 2�+? +?BH/ bm#i`22X
LQr r?2M r2 �`2 +?QQbBM; � 72�im`2 iQ bTHBi QM- r2 +QKTmi2 i?2 BM7Q`K�iBQM
;�BM 7Q` 2p2`v bBM;H2 72�im`2 BM � bBKBH�` 7�b?BQM �M/ b2H2+i i?2 72�im`2 i?�i
T`Q/m+2b i?2 H�`;2bi BM7Q`K�iBQM ;�BMX
q2 `2T2�i i?Bb T`Q+2/m`2 �i 2p2`v bBM;H2 H2p2H Q7 Qm` i`22- mMiBH bQK2 biQTTBM;
+`Bi2`BQM Bb K2i- bm+? �b r?2M i?2 BM7Q`K�iBQM ;�BM #2+QK2b yX �M/ i?�iǶb ?Qr
r2 #mBH/ Qm` /2+BbBQM i`225

S`mMBM; i?2 h`22
h?2 2ti`�Q`/BM�`v T`2/B+iBp2 TQr2` Q7 /2+BbBQM i`22b +QK2b rBi? � +QbiX AM
T`�+iB+2- i`22b i2M/ iQ ?�p2 ?B;? p�`B�M+2X .QMǶi rQ``v iQQ Km+? �#Qmi r?�i
i?�i K2�Mb 2t�+iHv 7Q` MQr- �b r2 rBHH /Bb+mbb Bi BM ;`2�i2` /2i�BH r?2M r2 i�HF
�#Qmi i?2 #B�b@p�`B�M+2 i`�/2QzX
6Q` Qm` Tm`TQb2b- i?Bb K2�Mb i?�i i`22b +�M H2�`M � #Bi iQQ Km+? Q7 Qm` i`�BM@
BM; /�i�Ƕb bT2+B}+Biv- r?B+? K�F2b i?2K H2bb `Q#mbi iQ M2r /�i�TQBMibX h?Bb
2bT2+B�HHv #2+QK2b � T`Q#H2K �b r2 +QMiBMm2 iQ ;`Qr Qmi i?2 /2Ti? Q7 Qm` i`22-
`2bmHiBM; BM 72r2` �M/ 72r2` /�i�TQBMib BM i?2 bm#i`22b i?�i �`2 7Q`K2/X hQ /2�H
rBi? i?Bb Bbbm2- r2 ivTB+�HHv 2KTHQv bQK2 bQ`i Q7 i`22 T`mMBM; T`Q+2/m`2X
h?2`2 �`2 � MmK#2` Q7 /Bz2`2Mi r�vb Q7 T`mMBM; Qm` i`22- i?Qm;? r2 rBHH 7Q+mb
QM � `2H�iBp2Hv bBKTH2 QM2 Dmbi iQ ;2i � i�bi2 7Q` r?�i i?2b2 T`mMBM; T`Q+2/m`2b
HQQF HBF2X h?2 T`Q+2/m`2 r2 rBHH /Bb+mbb Bb +�HH2/ `2/m+2/ 2``Q` T`mMBM;X
_2/m+2/ 2``Q` T`mMBM; 2bb2MiB�HHv bi�`ib rBi? Qm` 7mHHv@#mBHi i`22 �M/ Bi2`�iBp2Hv
`2TH�+2b 2�+? MQ/2 rBi? Bib KQbi TQTmH�` H�#2HX A7 i?2 `2TH�+2K2Mi /Q2b MQi
�z2+i i?2 T`2/B+iBQM �++m`�+v- i?2 +?�M;2 Bb F2Ti- 2Hb2 Bi Bb mM/QM2X 6Q` 2t�KTH2-
�bbmK2 r2 bi�`i2/ rBi? i?2 i`22 BM 6B;m`2 kk
`2/m+2/ 2``Q` T`mMBM; �7i2` QM2 Bi2`�iBQM- +QmH/ H2�p2 mb rBi? i?2 i`22 BM 6B;m`2
kjX
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h?Bb rQmH/ ?�TT2M B7 i?2 MmK#2` Q7 6�AG H�#2Hb QM i?2 irQ H27i #`�M+?2b 2t@
+22/2/ i?2 MmK#2` Q7 S�aa H�#2HbX h?Bb +QmH/ ?�TT2M B7 i?2`2 r2`2 N 6�AG �M/
R S�aa TQBMib BM i?2 H27iKQbi MQ/2- #mi QMHv R 6�AG �M/ j S�aa BM i?2 MQ/2
M2ti iQ BiX >2M+2 r2 rQmH/ `2TH�+2 i?2b2 irQ MQ/2b rBi? i?2 K�DQ`Biv H�#2H-
r?B+? Bb 6�AGX
LQi2- �7i2` r2 ?�p2 /QM2 i?Bb T`mMBM;- r2 +QmH/ +2`i�BMHv +QMiBMm2 iQ T`mM2
Qi?2` MQ/2b BM i?2 i`22X AM 7�+i- r2 b?QmH/ +QMiBMm2 iQ T`mM2 �b HQM; �b Qm`
`2bmHiBM; i`22b /QMǶi T2`7Q`K rQ`b2X
h?2`2 �`2 K�Mv KQ`2 +QKTH2t T`mMBM; i2+?MB[m2b- #mi i?2 BKTQ`i�Mi i?BM;
iQ `2K2K#2` Bb i?�i �HH i?2b2 i2+?MB[m2b �`2 � K2�Mb Q7 +miiBM; /QrM UTmM
BMi2M/2/V QM i?2 +QKTH2tBiv Q7 � ;Bp2M i`22X

6BM�H h?Qm;?ib
LQr i?�i r2 �`2 r`�TTBM; mT Qm` iQm` Q7 /2+BbBQM i`22b- r2 rBHH 2M/ rBi? � 72r
i?Qm;?ibX PM2 Q#b2`p�iBQM Bb i?�i 7Q` 2�+? bTHBi Q7 Qm` i`22b- r2 �Hr�vb mb2/ �
#BM�`v bTHBiX uQm KB;?i 722H i?�i Bi b22Kb p2`v `2bi`B+iBp2 iQ QMHv ?�p2 #BM�`v
bTHBib �i 2�+? H2p2H Q7 i?2 i`22- �M/ +QmH/ mM/2`bi�M/�#Hv #2HB2p2 i?�i � bTHBi
rBi? KQ`2 i?�M irQ +?BH/`2M +QmH/ #2 #2M2}+B�HX
q?BH2 vQm` ?2�`i Bb BM i?2 `B;?i TH�+2- T`�+iB+�HHv@bT2�FBM; MQM@#BM�`v bTHBib
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/QMǶi �Hr�vb rQ`F p2`v r2HH- �b i?2v 7`�;K2Mi i?2 /�i� iQQ [mB+FHv H2�pBM;
BMbm{+B2Mi /�i� 7Q` bm#b2[m2Mi 72�im`2 bTHBibX JQ`2Qp2`- r2 +�M �Hr�vb �HbQ
�+?B2p2 � MQM@#BM�`v bTHBi rBi? � b2`B2b Q7 +QMb2+miBp2 #BM�`v bTHBib- bQ BiǶb MQi
HBF2 MQM@#BM�`v bTHBib ;Bp2 mb �Mv KQ`2 2tT`2bbBp2 TQr2`X
6BM�HHv- r?BH2 r2 QMHv /Bb+mbb2/ � +H�bbB}+�iBQM 2t�KTH2- /2+BbBQM i`22b +�M �HbQ
#2 �TTHB2/ iQ `2;`2bbBQMX h?Bb Bb v2i �MQi?2` `2�bQM r?v i?2v �`2 bQ p2`b�iBH25

h2bi uQm` EMQrH2/;2
h`22 G�#2HHBM;
JBb+H�bbB}+�iBQM _�i2
h`22 G2�`MBM;
1t�KTH2 h`�p2`b�H
.2+BbBQM "QmM/�`v
h`22 .Bb�/p�Mi�;2b
LQ/2 AKTm`Biv
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uQm` *HQb2bi L2B;?#Q`b

6B;m`2 k9, EMM K2K2

AM i?Bb b2+iBQM- r2 �`2 ;QBM; iQ bim/v �M BMi2`2biBM; ~�pQ` Q7 bmT2`pBb2/ H2�`MBM;
KQ/2Hb FMQrM �b F@M2�`2bi M2B;?#Q`bX
E@M2�`2bi M2B;?#Q`b Bb � #Bi Q7 �M QmiHB2` �KQM; KQ/2Hb bBM+2 Bi /Q2bMǶi 7Q`K�HHv
?�p2 � i`�BMBM; T`Q+2/m`25 "2+�mb2 Q7 i?Bb- Bi Bb � `2H�iBp2Hv bi`�B;?i7Q`r�`/
KQ/2H iQ 2tTH�BM �M/ BKTH2K2MiX

h?2 JQ/2H
E@M2�`2bi M2B;?#Q`b rQ`Fb �b 7QHHQrb, �bbmK2 r2 `2+2Bp2 � M2r /�i�TQBMi- P -
i?�i r2 �`2 i`vBM; iQ T`2/B+i �M QmiTmi 7Q`X hQ +QKTmi2 i?2 QmiTmi 7Q` i?Bb
TQBMi- r2 }M/ bQK2 MmK#2` Q7 /�i�TQBMib BM i?2 i`�BMBM; b2i i?�i �`2 +HQb2bi iQ
P - �M/ r2 �bbB;M i?2 K�DQ`Biv H�#2H Q7 Bib M2B;?#Q`b iQ P X
qQ�?- i?�i r�b � KQmi?7mH5 G2iǶb #`2�F i?Bb /QrM rBi? � /B�;`�KX �bbmK2 r2
�`2 /2�HBM; rBi? � #BM�`v +H�bbB}+�iBQM i�bF- �M/ r2 �`2 i`vBM; iQ T`2/B+i � H�#2H
7Q` �M mMFMQrM P Ub?QrM BM :_11LV �b b?QrM BM 6B;m`2 k8,
G2iǶb b�v r2 mb2 i?2 j M2�`2bi M2B;?#Q`b iQ +H�bbB7v Qm` mMFMQrM TQBMi U6B;m`2
keVX

jk



6B;m`2 k8, lMFMQrM TQBMi

6B;m`2 ke, E M2�`2bi M2B;?#Q`b B/2MiB}2/

jj



�KQM; i?2 j M2�`2bi M2B;?#Q`b Q7 P - i?2 K�DQ`Biv QmiTmi Bb � `2/ s- bQ r2
�bbB;M i?2 _1. H�#2H iQ P U6B;m`2 kdVX

6B;m`2 kd, E M2�`2bi M2B;?#Q`b H�#2HH2/

�M/ i?�iǶb #�bB+�HHv F@M2�`2bi M2B;?#Q`b BM � Mmib?2HH5 h?2 `2�HHv BKTQ`i�Mi
i?BM; iQ `2�HBx2 Bb i?�i r2 �`2 MQi `2�HHv }iiBM; � KQ/2H iQ Qm` /�i�X
q?�i A K2�M Bb i?�i #2+�mb2 r2 M22/ iQ }M/ i?2 H�#2Hb Q7 � TQBMiǶb M2�`2bi
M2B;?#Q`b r?2M r2 �`2 i`vBM; iQ +H�bbB7v Bi- r2 �+im�HHv M22/ iQ �Hr�vb F22T
i`�+F Q7 �HH Q7 Qm` i`�BMBM; /�i�X
hvTB+�HHv r?2M r2 �`2 i`�BMBM; � bmT2`pBb2/ KQ/2H- r2 mM/2`bi�M/ i?�i i?2
i`�BMBM; T`Q+2bb K�v i�F2 � HQi KQ`2 iBK2 i?�M i?2 i2biBM; T`Q+2bb- r?B+? Bb i?2
TQBMi r?2`2 r2 `2H2�b2 � KQ/2H iQ i?2 rBH/ iQ T`2/B+i QmiTmib 7Q` M2r TQBMibX
AM 7�+i- r2 ?QT2 i?�i rBHH #2 i?2 +�b2 #2+�mb2 i`�BMBM; Bb �Hr�vb bQK2i?BM; i?�i
r2 2tT2+i rBHH #2 /QM2 #27Q`2 /2THQvK2Mi QM Qm` QrM iBK2- �M/ i?2M i?2 i2biBM;
#2+QK2b BKTQ`i�Mi r?2M r2 /2THQv i?2 M2r KQ/2H iQ i?2 `2�H rQ`H/X
>Qr2p2`- F@M2�`2bi M2B;?#Q`b im`Mb i?�i BMimBiBQM mTbB/2 /QrMX h`�BMBM; iBK2 Bb
#�bB+�HHv y- 2t+2Ti T2`?�Tb 7Q` i?2 +Qbi Q7 biQ`BM; Qm` i`�BMBM; b2i bQK2r?2`2X
AM 2t+?�M;2- i2biBM; iBK2 Bb �+im�HHv [mBi2 bm#bi�MiB�H #2+�mb2 7Q` 2�+? M2r TQBMi-
r2 M22/ iQ }M/ i?2 M2�`2bi M2B;?#Q`b iQ BiX h?Bb HBi2`�HHv `2[mB`2b +QKTmiBM;
i?2 /Bbi�M+2 7`QK Qm` TQBMi iQ 2p2`v bBM;H2 TQBMi BM i?2 i`�BMBM; b2i 2p2`v iBK2X
h?Bb +QmH/ i�F2 � HQM; iBK2 B7 Qm` i`�BMBM; b2i Bb H�`;2X

j9



aQK2 J2+?�MB+b
q?BH2 F@M2�`2bi M2B;?#Q`b Bb � `2H�iBp2Hv bi`�B;?i7Q`r�`/ KQ/2H- i?2`2 �`2 biBHH
� 72r /2i�BHb rQ`i? /Bb+mbbBM; rBi? `2;�`/b iQ ?Qr Bi Bb mb2/ BM T`�+iB+2X
6B`bi Qz- r2 b?QmH/ /Bb+mbb r?�i /Bbi�M+2 K2i`B+ r2 mb2 7Q` /2i2`KBMBM; T`Qt@
BKBiv Q7 M2B;?#Q`bX AM T`�+iB+2- r?2M r2 �`2 +QKTmiBM; i?2 /Bbi�M+2 #2ir22M
irQ TQBMib- r2 i2M/ iQ mb2 �M L2 U�HbQ FMQrM �b 1m+HB/2�MV /Bbi�M+2- �Hi?Qm;?
Qi?2` /Bbi�M+2 K2i`B+b bm+? �b L1 U�HbQ FMQrM �b J�M?�ii�MV +�M #2 mb2/X
:Bp2M irQ TQBMib U = (U1, U2, ..., Un) �M/ V = (V1, V2, ..., Vn) i?2b2 /Bbi�M+2
�`2 /2}M2/ �b 7QHHQrb,

L2(U, V ) =
√

(U1 − V1)2 + ... + (Un − Vn)2

L1(U, V ) = |(U1 − V1)| + ... + |(Un − Vn)|

h?2 /Bbi�M+2 K2i`B+ +?Qb2M Q7i2M /2T2M/b QM i?2 M�im`2 Q7 Qm` /�i� �b r2HH �b
Qm` H2�`MBM; i�bF- #mi L2 Bb �M Q7i2M mb2/ /27�mHiX
�MQi?2` /2i�BH rQ`i? /Bb+mbbBM; Bb r?�i i?2 QTiBK�H +?QB+2 Q7 k- M�K2Hv i?2
MmK#2` Q7 M2B;?#Q`b r2 mb2- BbX AM T`�+iB+2- mbBM; � bK�HH2` MmK#2` Q7 M2B;?#Q`b-
bm+? �b k = 1- K�F2b 7Q` � KQ/2H i?�i +�M K�v Qp2`}i #2+�mb2 Bi rBHH #2 p2`v
b2MbBiBp2 iQ i?2 H�#2Hb Q7 Bib +HQb2bi M2B;?#Q`bX
q2 rBHH /Bb+mbb Qp2`}iiBM; BM ;`2�i2` /2i�BH BM mT+QKBM; b2+iBQMbX �b r2 BM+`2�b2
i?2 MmK#2` Q7 M2B;?#Q`b- r2 i2M/ iQ ?�p2 � bKQQi?2`- KQ`2 `Q#mbi KQ/2H QM
M2r /�i� TQBMibX >Qr2p2`- i?2 B/2�H p�Hm2 Q7 k `2�HHv /2T2M/b QM i?2 T`Q#H2K
�M/ i?2 /�i�- �M/ i?Bb Bb ivTB+�HHv � [m�MiBiv r2 imM2 �b M2+2bb�`vX

6BM�H h?Qm;?ib
E@M2�`2bi M2B;?#Q`b Bb � mMB[m2 KQ/2H #2+�mb2 Bi `2[mB`2b vQm iQ F22T i`�+F Q7
�HH vQm` i`�BMBM; /�i� �HH i?2 iBK2X Ai Bb +QM+2Tim�HHv bBKTH2 �M/ /�i�@BMi2MbBp2X
�b � `2bmHi- Bi Bb Q7i2M mb2/ �b � #�b2HBM2 KQ/2H BM T`Q#H2Kb rBi? bK�HH iQ
KQ/2`�i2@bBx2/ /�i�b2ibX
6m`i?2`KQ`2- r?BH2 r2 mb2/ � +H�bbB}+�iBQM 2t�KTH2 iQ KQiBp�i2 i?2 �H;Q`Bi?K-
BM T`�+iB+2 F@M2�`2bi M2B;?#Q`b +�M #2 �TTHB2/ iQ #Qi? +H�bbB}+�iBQM �M/ `2;`2b@
bBQMX

h2bi uQm` EMQrH2/;2
ELL .2b+`BTiBQM
GQr2`BM; E
AKTH2K2MiBM; ELL
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*QMi`QHHBM; uQm` JQ/2HǶb "B�b

6B;m`2 k3, "B�b@p�`B�M+2 K2K2

AM i?Bb H2bbQM- r2 �`2 ;QBM; iQ i�F2 � /22T2` /Bp2 BMiQ bQK2 Q7 i?2 i?2Q`2iB+�H
;m�`�Mi22b #2?BM/ #mBH/BM; bmT2`pBb2/ H2�`MBM; KQ/2HbX q2 �`2 ;QBM; iQ /Bb+mbb
i?2 #B�b@p�`B�M+2 i`�/2Qz r?B+? Bb QM2 Q7 i?2 KQbi BKTQ`i�Mi T`BM+BTH2b �i
i?2 +Q`2 Q7 K�+?BM2 H2�`MBM; i?2Q`vX
"2bB/2b #2BM; BKTQ`i�Mi 7`QK � i?2Q`2iB+�H bi�M/TQBMi- i?2 #B�b@p�`B�M+2 i`�/2@
Qz ?�b p2`v bB;MB}+�Mi BKTHB+�iBQMb 7Q` i?2 T2`7Q`K�M+2 Q7 KQ/2Hb BM T`�+iB+2X
_2+�HH i?�i r?2M r2 �`2 #mBH/BM; � bmT2`pBb2/ KQ/2H- r2 ivTB+�HHv i`�BM QM bQK2
+QHH2+iBQM Q7 H�#2HH2/ /�i�X
�7i2` i?2 i`�BMBM; Bb /QM2- r2 `2�HHv r�Mi iQ 2p�Hm�i2 i?2 KQ/2H QM /�i� Bi
M2p2` b�r /m`BM; i`�BMBM;X h?2 2``Q` BM+m``2/ QM mMb22M /�i� i2bib � KQ/2HǶb
�#BHBiv iQ ;2M2`�HBx2- �M/ ?2M+2 Bi Bb +�HH2/ i?2 ;2M2`�HBx�iBQM 2``Q`X h?2
;2M2`�HBx�iBQM 2``Q` rBHH #2 �M BKTQ`i�Mi B/2� BM i?2 `2K�BM/2` Q7 i?Bb b2+iBQM

je



�M/ BM Qm` #`Q�/2` K�+?BM2 H2�`MBM; DQm`M2vX
�b r2 #2;BM Qm` /Bb+mbbBQM QM i?2 #B�b@p�`B�M+2 i`�/2Qz- r2 rBHH #2 TQbBM; i?2
7QHHQrBM; [m2biBQMb, ?Qr ;QQ/ +�M i?2 T2`7Q`K�M+2 Q7 �Mv K�+?BM2 H2�`MBM;
KQ/2H 2p2` ;2i QM � T`Q#H2K\ AM Qi?2` rQ`/b- Bb Bi TQbbB#H2 iQ `2/m+2 i?2
;2M2`�HBx�iBQM 2``Q` Q7 � KQ/2H QM mMb22M /�i� iQ y\

JQiBp�iBQMb
"27Q`2 r2 /Bp2 BMiQ i?2b2 [m2biBQMb- H2iǶb KQiBp�i2 i?2K #v HQQFBM; �i bQK2
+QM+`2i2 2t�KTH2b Q7 /�i�X AK�;BM2 i?�i r2 ?�/ � i`�BMBM; b2i i?�i HQQF2/ HBF2
6B;m`2 kNX

6B;m`2 kN, Zm�/`�iB+ /�i�

A7 r2 �`2 i`vBM; iQ H2�`M �M �++m`�i2 bmT2`pBb2/ H2�`MBM; KQ/2H QM i?Bb /�i�-
Bi b22Kb i?�i bQK2i?BM; HBF2 � [m�/`�iB+ }i rQmH/ #2 T`2iiv ;QQ/X 6BiiBM; �
[m�/`�iB+@HBF2 7mM+iBQM iQ i?Bb /�i� rQmH/ HQQF HBF2 6B;m`2 jyX
h?Bb b22Kb `2�bQM�#H2X "mi r?v /Q2b i?Bb b22K KQ`2 `2�bQM�#H2 i?�M � HBM2�`
}i HBF2 i?2 QM2 BM 6B;m`2 jR\
PM2 i?Qm;?i r2 K�v ?�p2 Bb i?�i i?Bb HBM2�` }i b22Kb iQ MQi `2�HHv TB+F mT QM
i?2 #2?�pBQ` Q7 i?2 /�i� r2 ?�p2X AM Qi?2` rQ`/b Bi b22Kb iQ #2 B;MQ`BM; bQK2
Q7 i?2 bi�iBbiB+�H `2H�iBQMb?BTb #2ir22M i?2 BMTmib �M/ i?2 QmiTmibX
q2 K�v 2p2M #2 bQ #QH/ �b iQ b�v i?�i i?2 }i Bb Qp2`Hv bBKTHBbiB+X h?Bb bBKTHB+Biv
Q7 i?2 KQ/2H rQmH/ #2 2bT2+B�HHv T`QMQmM+2/ B7 r2 `2+2Bp2/ � M2r TQBMi BM i?2
i2bi b2i- r?B+? +QmH/ #2 7`QK i?2 b�K2 bi�iBbiB+�H /Bbi`B#miBQMX h?Bb TQBMi +QmH/
HQQF �b HBF2 6B;m`2 jkX
AM i?Bb +�b2- Qm` HBM2�` }i rQmH/ +H2�`Hv /Q � TQQ` DQ# Q7 T`2/B+iBM; � p�Hm2 7Q`
i?2 M2r BMTmi �b +QKT�`2/ iQ i?2 i`m2 p�Hm2 Q7 Bib QmiTmi �b BM 6B;m`2 jjX
AM i?2 K�+?BM2 H2�`MBM; HBM;Q- r2 b�v i?�i i?Bb HBM2�` }i Bb mM/2`}iiBM; i?2

jd



6B;m`2 jy, Zm�/`�iB+ /�i� rBi? [m�/`�iB+ }i

6B;m`2 jR, Zm�/`�iB+ /�i� rBi? HBM2�` }i

6B;m`2 jk, Zm�/`�iB+ /�i� rBi? i2bi TQBMi
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6B;m`2 jj, Zm�/`�iB+ /�i� rBi? HBM2�` i2bi TQBMi

/�i�X �b � TQBMi Q7 +QKT�`BbQM- MQr BK�;BM2 i?�i r2 }i � KQ`2 +QKTH2t KQ/2H
iQ i?2 /�i�- HBF2 bQK2 ?B;?2`@Q`/2` TQHvMQKB�H U6B;m`2 j9VX

6B;m`2 j9, Zm�/`�iB+ /�i� rBi? TQHvMQKB�H

>2`2- r2 ?�p2 i?2 QTTQbBi2 T`Q#H2KX h?2 KQ/2H Bb }iiBM; i?2 /�i� iQQ r2HHX Ai
Bb TB+FBM; mT QM bi�iBbiB+�H bB;M�H BM i?2 /�i� i?�i T`Q#�#Hv Bb MQi i?2`2X h?2
/�i� r�b T`Q#�#Hv b�KTH2/ 7`QK bQK2i?BM; HBF2 � [m�/`�iB+ 7mM+iBQM rBi? bQK2
MQBb2- #mi ?2`2 r2 �`2 H2�`MBM; � 7�` KQ`2 +QKTHB+�i2/ KQ/2HX
q2 b22 i?�i i?Bb KQ/2H ;Bp2b mb TQQ` ;2M2`�HBx�iBQM 2``Q` r?2M r2 b22 ?Qr 7�`
i?2 i2bi TQBMi Bb 7`QK i?2 7mM+iBQM U6B;m`2 j8VX
AM i?Bb +�b2- r2 b�v i?�i r2 �`2 Qp2`}iiBM; i?2 /�i�X
*QKT�`2 i?2 H�bi }iǶb TQQ` ;2M2`�HBx�iBQM iQ Qm` [m�/`�iB+ }i QM i?2 /�i� rBi?
i?2 i2bi TQBMi- b?QrM BM 6B;m`2 jeX
h?Bb Bb +H2�`Hv Km+? #2ii2`5

jN



6B;m`2 j8, Zm�/`�iB+ /�i� rBi? i2bi TQBMi TQHvMQKB�H

6B;m`2 je, Zm�/`�iB+ /�i� rBi? i2bi TQBMi [m�/`�iB+
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6Q`K�HBxBM; JQ/2H 1``Q`
LQr r2 �`2 `2�/v iQ 7Q`K�HBx2 i?2 MQiBQM Q7 #B�b �M/ p�`B�M+2 �b i?2v T2`i�BM
iQ � KQ/2HǶb ;2M2`�HBx�#BHBivX Ai im`Mb Qmi i?�i BM bmT2`pBb2/ H2�`MBM; i?2`2 �`2
�Hr�vb i?`22 bQm`+2b Q7 2``Q` r2 ?�p2 iQ /2�H rBi? r?2M r2 �`2 i`vBM; iQ #mBH/
i?2 KQbi ;2M2`�H KQ/2HX
PM2 bQm`+2 Q7 2``Q` Bb +�HH2/ i?2 B``2/m+B#H2 2``Q`- r?B+? Bb +�mb2/ #v i?2
BM?2`2Mi MQBbBM2bb Q7 �Mv /�i�b2iX h?Bb bQm`+2 Q7 2``Q` Bb 2MiB`2Hv Qmi Q7 Qm`
+QMi`QH �M/ ?2M+2 B``2/m+B#H2X
h?2 irQ bQm`+2b Q7 2``Q` i?�i r2 +�M +QMi`QH �`2 #B�b �M/ p�`B�M+2- �M/ i?2v
�`2 #�bB+�HHv �Hr�vb +QKT2iBM;X
h?2 M�im`2 Q7 i?Bb bQK2r?�i +QM7`QMi�iBQM�H `2H�iBQMb?BT Bb i?�i BM+m``BM;
� /2+`2�b2 BM QM2 Q7 i?2b2 bQm`+2b Q7 2``Q` Bb �Hr�vb +QmTH2/ rBi?
BM+m``BM; �M BM+`2�b2 BM i?2 Qi?2`X h?Bb +�M �+im�HHv #2 /2KQMbi`�i2/
K�i?2K�iB+�HHv- i?Qm;? r2 rBHH ;HQbb Qp2` i?Bb /2`Bp�iBQM 7Q` MQrX
q?�i /Q i?2b2 bQm`+2b Q7 2``Q` �+im�HHv K2�M\ "B�b Bb +�mb2/ r?2M r2 K�F2
bQK2 BM+Q``2+i �bbmKTiBQMb BM Qm` KQ/2HX AM i?Bb r�v- Bi Bb �M�HQ;Qmb iQ ?mK�M
#B�bX
o�`B�M+2 Bb +�mb2/ r?2M Qm` �H;Q`Bi?K Bb `2�HHv b2MbBiBp2 iQ KBMQ` ~m+im�iBQMb
BM i?2 i`�BMBM; b2i Q7 Qm` /�i�X AM i?2 2t�KTH2b r2 T`2b2Mi2/ �#Qp2- i?2 +QKTH2t
TQHvMQKB�H }i Bb b�B/ iQ ?�p2 � ?B;? p�`B�M+2 U�M/ ?2M+2 � HQr2` #B�bVX
h?Bb Bb #2+�mb2 Bi Bb `2�HHv b2MbBiBp2 iQ i?2 M�im`2 Q7 i?2 i`�BMBM; /�i�- +�Tim`BM;
� HQi Q7 Bib T2`+2Bp2/ #2?�pBQ`X hQQ b2MbBiBp2- BM 7�+i- #2+�mb2 r2 FMQr i?2
#2?�pBQ` Bi Bb +�Tim`BM; Bb /2+2TiBp2X h?Bb #2+QK2b +H2�` r?2M r2 �`2 T`2b2Mi2/
rBi? � M2r i2bi /�i�TQBMiX
q2 +�M �HbQ ;2i KQ/2Hb rBi? ?B;? p�`B�M+2 r?2M Qm` KQ/2H ?�b KQ`2 72�im`2b
i?�M i?2`2 �`2 /�i�TQBMibX AM i?Bb +�b2- bm+? KQ/2Hb i2M/ iQ #2 Qp2`bT2+B}2/-
rBi? iQQ K�Mv bQm`+2b Q7 bB;M�H #mi MQi 2MQm;? /�i� iQ `2BM7Q`+2 i?2 i`m2 bB;M�HX
J2�Mr?BH2- i?2 HBM2�` }i BM Qm` KQiBp�iBM; 2t�KTH2 Bb b�B/ iQ ?�p2 � ?B;? #B�b
U�M/ ?2M+2 � HQr2` p�`B�M+2VX Ai +�Tim`2b p2`v HBiiH2 Q7 i?2 #2?�pBQ` BM i?2
i`�BMBM; /�i�- K�FBM; Qp2`bBKTHB7vBM; �bbmKTiBQMb �#Qmi i?2 `2H�iBQMb?BT #2@
ir22M i?2 72�im`2b �M/ i?2 QmiTmi H�#2HbX h?Bb Bb 2pB/2M+2/ #v i?2 7�+i i?�i i?2
KQ/2H #2HB2p2b i?2 /�i� r�b ;2M2`�i2/ #v � HBM2 r?2M BM 7�+i r2 �b QKMBb+B2Mi
#vbi�M/2`b FMQr Bi ?�b � [m�/`�iB+ `2H�iBQMb?BTX

6BM�H h?Qm;?ib
aQ r?�i /Q2b �HH i?Bb K2�M 7Q` Qm` �ii2KTib iQ ;2i i?2 #2bi KQ/2H\ AM T`�+@
iB+2- i?Bb K2�Mb i?�i i?2`2 rBHH �Hr�vb #2 i?2b2 /m�H bQm`+2b Q7 2``Q` U#B�b �M/
p�`B�M+2V i?�i r2 rBHH ?�p2 iQ #�H�M+2 �M/ +�HB#`�i2X
q2 +�M M2p2` ?QT2 iQ ;2i T2`72+i ;2M2`�HBx�iBQM- #mi i?`Qm;? 2KTB`B+�H �M�Hvb2b
r2 +�M i`v iQ `2/m+2 i?2 #B�b #v �//BM; KQ`2 +QKTH2tBiv iQ Qm` KQ/2H Q` `2/m+2
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i?2 p�`B�M+2 #v bBKTHB7vBM; bQK2 Q7 i?2 �bbmKTiBQMb Q7 i?2 KQ/2HX
q2 rBHH /Bb+mbb 2t�+i i2+?MB[m2b QM ?Qr iQ /Q i?Bb BM H�i2` H2bbQMbX h?2 BKTQ`@
i�Mi i?BM; 7Q` MQr Bb iQ #2 �r�`2 Q7 i?2 2tBbi2M+2 Q7 i?2b2 irQ bQm`+2b Q7 2``Q`
�M/ ?Qr i?2v �z2+i Qm` KQ/2HǶb ;2M2`�HBx�#BHBivX

h2bi uQm` EMQrH2/;2
"B�b@o�`B�M+2 1tTH�M�iBQM
GQr "B�b >B;? o�`B�M+2
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q?v .B/ uQm *?QQb2 h?Bb JQ/2H\

6B;m`2 jd, aQm`+2 hQr�`/ .�i� a+B2M+2

AM i?Bb b2+iBQM- r2 �`2 ;QBM; iQ #2 +QMiBMmBM; Qm` /Bb+mbbBQM Q7 T`�+iB+�H K�@
+?BM2 H2�`MBM; T`BM+BTH2b- bT2+B}+�HHv �b i?2v T2`i�BM iQ i?2 /2i�BHb Q7 KQ/2H
b2H2+iBQMX h?Bb b2H2+iBQM Bb Q7i2M /QM2 #v �bb2bbBM; i?2 ;2M2`�HBx�iBQM 2``Q` Q7
� KQ/2H �b +QKT�`2/ iQ Qi?2` KQ/2HbX
LQi2 i?�i BM i?Bb H2bbQM- r2 �`2 K�FBM; MQ �bbmKTiBQMb �#Qmi i?2 T�`iB+mH�`
KQ/2H +H�bb r2 �`2 /2�HBM; rBi?- ?Qr K�Mv 72�im`2b- 2i+X AM 7�+i- i?2 T`BM+BTH2b
r2 rBHH /Bb+mbb +QmH/ #2 �TTHB2/ iQ � +QHH2+iBQM +QKT`Bb2/ Q7 /Bp2`b2 KQ/2H
+H�bb2b bm+? �b HQ;BbiB+ `2;`2bbBQM- bmTTQ`i p2+iQ` K�+?BM2b- M2m`�H M2irQ`Fb-
�M/ �Mvi?BM; 2Hb2X
6Q` i?Bb H2bbQM- r2 �`2 KQ`2 +QM+2`M2/ rBi? ?Qr r2 +�M mb2 i?2 /�i� r2 ?�p2
�M/ i?2 KQ/2Hb r2 ?�p2 #mBHi iQ TB+F i?2 #2bi QM2- B``2bT2+iBp2 Q7 KQ/2H bT2+B}+bX
aQ H2iǶb ;2i iQ Bi5

JQiBp�iBQMb
G2iǶb BK�;BM2 i?�i r2 ?�p2 � +H�bbB}+�iBQM /�i�b2i +QMbBbiBM; Q7 Ryy /�i�TQBMib
�M/ i?2B` �bbQ+B�i2/ H�#2HbX q2 r�Mi iQ TB+F i?2 #2bi KQ/2H 7`QK �KQM; �
bmTTQ`i p2+iQ` K�+?BM2 �M/ � HQ;BbiB+ `2;`2bbBQM iQ mb2X
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PM2 b22KBM;Hv `2�bQM�#H2 TH�+2 iQ bi�`i Bb iQ i�F2 i?2 bmTTQ`i p2+iQ` K�+?BM2-
i`�BM Bi QM i?2 2MiB`2 /�i�b2i- �M/ QM+2 Bi Bb i`�BM2/ b22 ?Qr K�Mv 2``Q`b Bi
K�F2b QM i?2 Q`B;BM�H Ryy /�i�TQBMib Bi r�b i`�BM2/ QMX
q2 +QmH/ i?2M /Q i?2 b�K2 7Q` i?2 HQ;BbiB+ `2;`2bbBQM- �M/ i?2M �i i?2 2M/
+QKT�`2 i?2 MmK#2` Q7 2``Q`b 2�+? KQ/2H K�F2bX S2`?�Tb i?2 bmTTQ`i p2+iQ`
K�+?BM2 K�F2b Ry BM+Q``2+i +H�bbB}+�iBQMb �M/ i?2 HQ;BbiB+ `2;`2bbBQM K�F2b Rj-
bQ r2 TB+F i?2 bmTTQ`i p2+iQ` K�+?BM2X
q?BH2 i?Bb K�v b22K HBF2 � `2�bQM�#H2 r�v iQ KQ/2H b2H2+i- Bi Bb �+im�HHv p2`v
~�r2/X q?v\
Ai im`Mb Qmi r?2M r2 �`2 #mBH/BM; � T2`7Q`K�Mi K�+?BM2 H2�`MBM; KQ/2H- r2 �`2
`2�HHv KQbi BMi2`2bi2/ BM i?2 KQ/2HǶb ;2M2`�HBx�iBQM �#BHBivX _2+�HH i?�i i?Bb
`272`b iQ i?2 KQ/2HǶb 2``Q` r?2M i2bi2/ QM /�i� Bi ?�b M2p2` b22M #27Q`2X
q2 /QMǶi �+im�HHv +�`2 ?Qr i?2 KQ/2H T2`7Q`Kb QM /�i� Bi ?�b #22M i`�BM2/
QM #2+�mb2 i?�i rBHH Dmbi 2M+Qm`�;2 b2H2+iBQM Q7 i?2 KQ/2H i?�i Qp2`}ib QM i?2
i`�BMBM; /�i� i?2 KQbiX �b r2 b�r BM Qm` /Bb+mbbBQM QM i?2 #B�b@p�`B�M+2 i`�/2Qz-
bm+? � KQ/2H +QmH/ +QKTH2i2Hv KBb`2T`2b2Mi i?2 i`m2 M�im`2 Q7 i?2 /�i� r2 �`2
�M�HvxBM; BM Qm` T`Q#H2KX aQ r?�i /Q r2 /Q iQ +QK#�i i?Bb Bbbm2\

6BtBM; JQ/2H a2H2+iBQM
AK�;BM2 i?�i BMbi2�/ Q7 mbBM; i?2 7mHH Ryy /�i�TQBMib r2 ?�p2 7Q` i`�BMBM; Qm`
KQ/2Hb- r2 `�M/QKHv b2H2+i d8 Q7 i?2K iQ #2 Qm` i`�BMBM; b2i �M/ i?2 `2K�BMBM;
k8 iQ #2 Qm` i2biBM; b2iX
LQr- �b 2tT2+i2/- r2 QMHv i`�BM 2�+? Q7 Qm` KQ/2Hb mbBM; i?2 i`�BMBM; b2i- �M/
i?2M r2 2p�Hm�i2 2�+? Q7 i?2K Dmbi QM+2 QM i?2 i2biBM; b2i- QM+2 r2 ?�p2
+QKTH2i2/ i`�BMBM;X h?2 2``Q` i?�i 2�+? KQ/2H BM+m`b QM i?2 i2biBM; b2i rBHH
i?2M /2i2`KBM2 r?B+? KQ/2H r2 TB+FX
h?Bb bi`�i2;v �pQB/b Qm` T`Q#H2K 7`QK #27Q`2 �M/ �HbQ ;Bp2b mb � Km+? KQ`2
`2�bQM�#H2 K2�Mb Q7 �bb2bbBM; KQ/2H ;2M2`�HBx�iBQM 2``Q`X AM T`�+iB+2- r?2M r2
mb2 i?Bb ?2H/@Qmi@i2bi@b2i bi`�i2;v- r2 rBHH ivTB+�HHv ?QH/ Qmi �Mvr?2`2 7`QK
10 − 30% Q7 Qm` /�i� b2i 7Q` i2biBM; Tm`TQb2b- b?QrM BM 6B;m`2 j3X

6B;m`2 j3, i`�BM i2bi K�+?BM2 H2�`MBM; bTHBi

�MQi?2` +QKKQM bi`�i2;v i?�i Bb mb2/ Bb iQ bTHBi mT vQm` /�i�b2i BMiQ i?`22 b2ib,
i`�BMBM; b2i- p�HB/�iBQM b2i- �M/ i2biBM; b2iX
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lbBM; i?Bb ivT2 Q7 /BpBbBQM- r2 rQmH/ i`�BM QM Qm` i`�BMBM; b2i �M/ mb2 i?2
p�HB/�iBQM b2i iQ ;2i bQK2 b2Mb2 7Q` i?2 ;2M2`�HBx�iBQM 2``Q` Q7 Qm` KQ/2HbX h?2M
}M�HHv- QM+2 r2 b2H2+i2/ i?2 KQ/2H i?�i T2`7Q`K2/ #2bi QM i?2 p�HB/�iBQM b2i-
r2 rQmH/ 2p�Hm�i2 Bi QM+2 QM i?2 i2biBM; b2i iQ ;2i �M �#bQHmi2 p�Hm2 7Q` i?2
KQ/2HǶb T2`7Q`K�M+2X
h?Bb Bb Q7i2M i?2 bi`�i2;v i?�i Bb 2KTHQv2/ /m`BM; K�+?BM2 H2�`MBM; +QKT2iBiBQMb-
r?2`2 i?2 i`�BMBM; �M/ p�HB/�iBQM b2ib Q7 bQK2 /�i� Bb `2H2�b2/- �M/ i?2 i2biBM;
b2i Bb MQi 2p2M ;Bp2M iQ i?2 +QKT2iBiQ`bX
AMbi2�/- QM+2 � +QKT2iBiQ` r�Mib iQ bm#KBi i?2B` #2bi T2`7Q`KBM; KQ/2H- i?2v
bm#KBi Bi �M/ i?2M i?2 KQ/2HǶb b+Q`2 Bb i?2 2``Q` Bi BM+m`b QM i?2 ?B//2M i2biBM;
b2iX

.2�HBM; qBi? .�i� aT�`bBiv
q?�i Bb i?2 Bbbm2 rBi? i?2b2 b+?2K2b 7Q` 2p�Hm�iBM; � KQ/2H\ LQiB+2 i?�i
r?2M r2 �`2 bTHBiiBM; mT Qm` /�i�b2i BMiQ � i`�BMBM;fi2biBM; b2i 7Q` 2t�KTH2-
r2 �`2 #�bB+�HHv /2+B/BM; i?�i i?2 i2biBM; b2i rBHH MQi #2 mb2/ �i �HH- 2t+2Ti 7Q`
2p�Hm�iBQM �i i?2 2M/X AM � b2Mb2- r2 �`2 �HKQbi i?`QrBM; �r�v bQK2 Q7 Qm`
/�i� r?B+? r2 +�MǶi mb2 iQ i`�BM Qm` KQ/2HX
"mi i?2`2 �`2 K�Mv /QK�BMb r?2`2 /�i� +QHH2+iBQM Bb p2`v 2tT2MbBp2- bm+? �b
K2/B+�H BK�;BM;X AK�;BM2 B7 Qm` 2MiB`2 /�i�b2i +QMbBbi2/ Q7 Ry 2t�KTH2b5 *QmH/
r2 `2�HHv �zQ`/ iQ i`�BM � KQ/2H mbBM; 3 Q` 72r2` /�i� TQBMib\ hQ /Q bQ rQmH/
M2;�iBp2Hv BKT�+i ?Qr ;QQ/ Q7 � KQ/2H r2 +QmH/ i`�BMX
AM i?Bb r�v- i?2 b+?2K2b r2 ?�p2 /Bb+mbb2/ �`2 T2`72+iHv p�HB/ r?2M r2 ?�p2
� HQi Q7 /�i� iQ bT�`2X aQ Bb KQ/2H b2H2+iBQM /QQK2/ rBi?Qmi bm{+B2Mi /�i�\
h?�MF7mHHv i?2`2 Bb �MQi?2` p2`v +QKKQMHv mb2/ K2i?Q/ +�HH2/ F@7QH/ +`Qbb@
p�HB/�iBQM i?�i `2bQHp2b Qm` T`Q#H2KX
h?2 r�v F@7QH/ +`Qbb@p�HB/�iBQM rQ`Fb Bb #v bTHBiiBM; mT Qm` /�i�b2i BMiQ bQK2
MmK#2` Q7 2[m�HHv@bBx2/ T�`iBiBQMb +�HH2/ 7QH/bX G2iǶb K�F2 i?Bb +QM+`2i2 #v
�bbmKBM; r2 �`2 mbBM; 9 7QH/bX h?Bb K2�Mb r2 �`2 ;QBM; iQ i`�BM �M/ 2p�Hm�i2
2�+? KQ/2H 9 iBK2bX
.m`BM; i?2 }`bi Bi2`�iBQM- r2 �`2 ;QBM; iQ i�F2 i?2 }`bi 7QH/ �b b?QrM BM 6B;m`2
jNX

6B;m`2 jN, E@7QH/ +`Qbb p�HB/�iBQM 7QH/ R

h?�i }`bi 7QH/ rBHH 7mM+iBQM �b Qm` i2biBM; b2iX AM Qi?2` rQ`/b- r2 rBHH i`�BM QM
�HH Q7 i?2 `2K�BMBM; /�i�- 2t+2Ti i?�i }`bi 7QH/- �M/ i?2M �i i?2 2M/ i2bi Qm`
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KQ/2H QM i?�i 7QH/X h?Bb rBHH ;Bp2 mb bQK2 2``Q` i?�i r2 rBHH +�HH E1X
AM i?2 b2+QM/ Bi2`�iBQM- r2 i�F2 i?2 b2+QM/ 7QH/ Q7 Qm` /�i� �b b?QrM BM 6B;m`2
9yX

6B;m`2 9y, E@7QH/ +`Qbb p�HB/�iBQM 7QH/ k

�M/ �;�BM i`�BM QM �HH i?2 /�i� 2t+2Ti i?�i b2+QM/ 7QH/X �i i?2 2M/ Q7 i`�BMBM;-
r2 i?2M i2bi QM i?�i b2+QM/ 7QH/- ;BpBM; mb � M2r 2``Q`, E2X q2 i?2M `2T2�i
i?Bb 7Q` i?2 `2K�BMBM; 7QH/b,
h`�BMBM; QM �HH #mi i?2 i?B`/ 7QH/ �M/ i?2M i2biBM; QM i?2 i?B`/ 7QH/ ;Bp2b 6B;m`2
9RX

6B;m`2 9R, E@7QH/ +`Qbb p�HB/�iBQM 7QH/ j

h?Bb T`Q/m+2b �M 2``Q` E3X �M/ }M�HHv `2T2�iBM; 7Q` i?2 7Qm`i? 7QH/ U6B;m`2 9kV

6B;m`2 9k, E@7QH/ +`Qbb p�HB/�iBQM 7QH/ 9

;Bp2 mb �M 2``Q` E4X
PM+2 r2 ?�p2 i2bi2/ QM �HH i?2 9 7QH/b- r2 +QKTmi2 i?2 }M�H ;2M2`�HBx�iBQM 2``Q`
Q7 Qm` KQ/2H �b i?2 �p2`�;2 Q7 E1- E2- E3- �M/ E4X
PM2 BKTQ`i�Mi MQi2 Bb i?�i 2�+? 7QH/ Bb �M BM/2T2M/2Mi `mM- r?2`2 r2 i`�BM �
M2r KQ/2H 7`QK b+`�i+?X h?Bb K2�Mb MQ KQ/2H r2B;?ib �`2 i`�Mb72``2/ #2ir22M
7QH/bX
AM T`�+iB+2- r2 +�M mb2 �b K�Mv 7QH/b �b r2 r�Mi- /2T2M/BM; QM i?2 bBx2 Q7 Qm`
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/�i�b2iX AM bBim�iBQMb Q7 2ti`2K2 /�i� bT�`bBiv- r2 +�M 2p2M mb2 r?�i Bb +�HH2/
H2�p2@QM2@Qmi +`Qbb p�HB/�iBQMX
h?Bb Bb � bT2+B�H +�b2 Q7 +`Qbb@p�HB/�iBQM- r?2`2 2�+? 7QH/ Bb HBi2`�HHv � bBM;H2
/�i�TQBMi5 aQ /m`BM; QM2 Bi2`�iBQM Q7 i`�BMBM;- r2 i`�BM QM �HH #mi QM2 /�i�TQBMi-
�M/ i?2M i2bi QM i?�i /�i�TQBMiX LQiB+2 i?�i i?Bb bi`�i2;v rQmH/ mb2 n 7QH/b
r?2`2 n Bb i?2 MmK#2` Q7 TQBMib BM Qm` /�i�b2iX
>Qr2p2`- 7Q` KQbi mb2 +�b2b mbBM; �Mvr?2`2 7`QK 5−10 7QH/b Bb Q7i2M `2�bQM�#H2-
�M/ +�M ;Bp2 mb � bm{+B2Mi b2Mb2 7Q` i?2 ;2M2`�HBx�iBQM 2``Q` Q7 � ;Bp2M KQ/2HX
E@7QH/ +`Qbb@p�HB/�iBQM Bb � MB+2 bQHmiBQM iQ Qm` Q`B;BM�H T`Q#H2K- #mi Bi �HbQ
?�b Bib /QrMbB/2bX AM T�`iB+mH�`- r?2M r2 mb2 F@7QH/ +`Qbb@p�HB/�iBQM r2 ?�p2 iQ
�+im�HHv i`�BM �M/ 2p�Hm�i2 Qm` bvbi2K mbBM; 2�+? Q7 i?2 7QH/bX
h`�BMBM; �M/ i2biBM; 7Q` 2�+? Q7 i?2 7QH/b +�M #2 � p2`v +QKTmi�iBQM�HHv 2tT2M@
bBp2 QT2`�iBQM- r?B+? K2�Mb i?�i KQ/2H b2H2+iBQM +�M i�F2 p2`v HQM;X Ai i?2M
#2+QK2b p2`v BKTQ`i�Mi iQ TB+F � `2�bQM�#H2 MmK#2` Q7 7QH/b U� ;QQ/ MmK#2`
#mi MQi iQQ K�MvV r?2M vQm �`2 T2`7Q`KBM; +`Qbb@p�HB/�iQMX

6BM�H h?Qm;?ib
�b r2 }MBb? mT i?Bb H2bbQM- F22T BM KBM/ i?�i �HH i?2b2 KQ/2H 2p�Hm�iBQM �M/
b2H2+iBQM �H;Q`Bi?Kb �`2 mb2/ 2ti2MbBp2Hv BM T`�+iB+2X Ai Bb #�bB+�HHv ;m�`�Mi22/
i?�i �MviBK2 vQm �`2 #mBH/BM; � M2r KQ/2H- vQm rBHH BM2pBi�#Hv 2KTHQv QM2
Q7 i?2b2 i2+?MB[m2bX q?B+? i2+?MB[m2 vQm mb2 rBHH /2T2M/ QM vQm` /�i� �M/
T`Q#H2K +?�`�+i2`BbiB+b- bQ `2K2K#2` iQ #2 ~2tB#H2 iQ �HH i?2 QTiBQMbX

h2bi uQm` EMQrH2/;2
.2}MBiBQM
*`Qbb@p�HB/�iBQM h2+?MB[m2b
q`QM; +`Qbb@p�HB/�iBQM
*`Qbb@p�HB/�iBQM iBK2 b2`B2b
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q?�i 62�im`2b .Q uQm q�Mi\

6B;m`2 9j, 62�im`2 b2H2+iBQM K2K2

q2 �`2 MQr ;QBM; iQ bi�`i /Bb+mbbBM; �MQi?2` p2`v BKTQ`i�Mi #Bi Q7 T`�+iB+�H
K�+?BM2 H2�`MBM; K2i?Q/QHQ;v, 72�im`2 b2H2+iBQMX
62�im`2 b2H2+iBQM Bb iB;?iHv `2H�i2/ iQ KQ/2H b2H2+iBQM �M/ bQK2 KB;?i 2p2M �`;m2
i?�i Bi Bb- BM 7�+i- � ivT2 Q7 KQ/2H b2H2+iBQMX q2 rQMǶi ;2i iQQ ?mM; mT QM i?2
b2K�MiB+b- �M/ BMbi2�/ DmKT `B;?i BMiQ KQiBp�iBM; r?v BiǶb bm+? �M BKTQ`i�Mi
i2+?MB[m2X

JQiBp�iBQMb
*QMbB/2` i?2 7QHHQrBM; b+2M�`BQ, vQm �`2 /2�HBM; rBi? � bmT2`pBb2/ T`Q#H2K
/QK�BM r?2`2 vQm ?�p2 +QK2 mT rBi? � MmK#2` Q7 72�im`2b i?�i vQm /22K
+QmH/ #2 BKTQ`i�Mi iQ #mBH/BM; � TQr2`7mH +H�bbB}2`X
hQ K�F2 i?2 T`Q#H2K +QM+`2i2- H2iǶb b�v vQm �`2 i`vBM; iQ #mBH/ � bT�K +H�b@
bB}2` �M/ vQmǶp2 +QK2 mT rBi? Ry-yyy 72�im`2b- r?2`2 2�+? 72�im`2 /2MQi2b
r?2i?2` � ;Bp2M 2K�BH vQm �`2 i`vBM; iQ +H�bbB7v +QMi�BMb UQ` /Q2bMǶiV QM2 Q7
Ry-yyy TQbbB#H2 rQ`/bX aQ bQK2 Q7 i?2 72�im`2b +QmH/ #2 *PLh�ALaUǳi?2ǴV-
*PLh�ALaUǳ+�iǴV- Q` *PLh�ALaUǳpB�;`�ǴVX
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G2iǶb b�v 7m`i?2` i?�i vQm ?�p2 QMHv 8yy 2K�BHb BM vQm` 2MiB`2 /�i�b2iX q?�iǶb
QM2 #B; T`Q#H2K vQm K�v 2M+QmMi2`\
q2HH- BM i?Bb +�b2- vQm ?�p2 7�` KQ`2 72�im`2b i?�M vQm ?�p2 /�i� TQBMibX AM
bm+? bBim�iBQMb- vQm` KQ/2H rBHH #2 Qp2`bT2+B}2/X AM Qi?2` rQ`/b- vQm ?�p2 �
p2`v ?B;? +?�M+2 Q7 Qp2`}iiBM; QM vQm` /�i�b2iX
AM 7�+i- BiǶb [mBi2 HBF2Hv i?�i KQbi Q7 i?2 72�im`2b vQmǶp2 i?Qm;?i Q7 rQMǶi �+im�HHv
?2HT vQm #mBH/ � KQ`2 `Q#mbi bT�K +H�bbB}2`X h?Bb Bb #2+�mb2 vQm �`2 �//BM;
� 72�im`2 7Q` 2�+? Q7 Ry-yyy rQ`/b- �M/ Bi b22Kb mMHBF2Hv i?�i � 72�im`2 HBF2
*PLh�ALaUǳi?2ǴV rBHH ?2HT vQm /2i2`KBM2 � bT�K 2K�BHX
62�im`2 b2H2+iBQM b22Fb iQ ?�M/H2 i?2 T`Q#H2K Q7 TB+FBM; Qmi bQK2 MmK#2` Q7
72�im`2b i?�i �`2 i?2 KQbi mb27mH 7Q` �+im�HHv #mBH/BM; vQm` +H�bbB}2`X h?2b2 �`2
i?2 72�im`2b i?�i ;Bp2 vQm i?2 KQbi TQr2`7mH bB;M�H 7Q` vQm` T`Q#H2KX aQ ?Qr
/Q r2 /Q i?�i\

� 6B`bi S�bb �i a2H2+iBQM
AM im`Mb Qmi i?2`2 �`2 [mBi2 � 72r i2+?MB[m2b +QKKQMHv mb2/ 7Q` 72�im`2 b2H2+iBQMX
q2 rBHH /2b+`B#2 � 72r Q7 i?2KX
h?2 }`bi b2H2+iBQM K2i?Q/ r2 rBHH #2;BM rBi? Bb +�HH2/ #2bi@bm#b2i b2H2+iBQMX
h?Bb b2H2+iBQM K2i?Q/ BMpQHp2b i`vBM; Qmi 2p2`v TQbbB#H2 bm#b2i Q7 72�im`2b 7`QK
i?2 2MiB`2 +QHH2+iBQMX
h?2`27Q`2 B7 r2 ?�/ i?`22 TQbbB#H2 72�im`2b (A, B, C)- r2 rQmH/ +QMbB/2` i?2
bm#b2ib, (A)- (B)- (C)- (A, B)- (A, C)- (B, C)- (A, B, C)X 6Q` 2�+? Q7 i?2b2
72�im`2 bm#b2ib- r2 +QmH/ `mM bQK2 bQ`i Q7 +`Qbb@p�HB/�iBQM i2+?MB[m2 iQ 2p�Hm�i2
i?�i 72�im`2 b2i U7Q` � `2pB2r Q7 +`Qbb@p�HB/�iBQM +?2+F Qmi i?2 T`2pBQmb H2bbQMVX
h?2 72�im`2 b2i r?B+? �+?B2p2/ i?2 HQr2bi ;2M2`�HBx�iBQM 2``Q` rQmH/ #2
b2H2+i2/ 7Q` Qm` #2bi@T2`7Q`KBM; KQ/2HX >2`2- HQr2bi ;2M2`�HBx�iBQM 2``Q` `272`b
iQ i?2 �p2`�;2 2``Q` �+`Qbb i?2 7QH/b Q7 Qm` +`Qbb@p�HB/�iBQMX
q?�iǶb QM2 Bbbm2 i?�i +QK2b mT rBi? i?Bb i2+?MB[m2\ q2HH- MQiB+2 ?Qr 2p2M 7Q`
� p2`v bK�HH iQi�H 72�im`2 b2i Uj BM i?Bb +�b2V- r2 biBHH ?�/ d 72�im`2 bm#b2ib iQ
2p�Hm�i2X
AM ;2M2`�H- r2 +�M K�i?2K�iB+�HHv /2KQMbi`�i2 i?�i 7Q` � 72�im`2 b2i Q7 bBx2 N -
r2 rQmH/ ?�p2 2N − 1 TQbbB#H2 72�im`2 bm#b2ib iQ i`vX h2+?MB[m�HHv r2 ?�p2 2N

bm#b2ib- #mi r2 �`2 /Bb`2;�`/BM; i?2 2KTiv bm#b2i +QMbBbiBM; Q7 MQ 72�im`2bX
AM Qi?2` rQ`/b- r2 ?�p2 �M 2tTQM2MiB�H MmK#2` Q7 bm#b2ib iQ i`v5 LQi QMHv
Bb i?�i � >l:1 MmK#2` Q7 72�im`2 bm#b2ib 2p2M 7Q` � `2H�iBp2Hv bK�HH MmK#2`-
#mi QM iQT Q7 i?�i- r2 ?�p2 iQ `mM +`Qbb@p�HB/�iBQM QM 2�+? 72�im`2 bm#b2iX
h?Bb Bb T`Q?B#BiBp2Hv 2tT2MbBp2 7`QK � +QKTmi�iBQM�H bi�M/TQBMiX AK�;BM2 ?Qr
BMi`�+i�#H2 i?Bb i2+?MB[m2 rQmH/ #2 rBi? Qm` Ry-yyy 72�im`2 b2i 7Q` #mBH/BM; Qm`
bT�K +H�bbB}2`5 aQ- r?�i /Q r2 /Q\
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AKT`Qp2K2Mib BM 62�im`2 a2H2+iBQM
LQiB+2 i?�i Qm` #2bi@bm#b2i 72�im`2 b2H2+iBQM i2+?MB[m2 ;m�`�Mi22b }M/BM; i?2
QTiBK�H 72�im`2 b2i- bBM+2 r2 �`2 HBi2`�HHv i`vBM; 2p2`v TQbbB#H2 +QK#BM�iBQMX
h?Bb QTiBK�HBiv +QK2b �i � T`B+2- M�K2Hv r�BiBM; �M BKTQbbB#Hv HQM; iBK2 7Q`
}M/BM; i?2 #2bi bm#b2i QM 2p2M bK�HH T`Q#H2KbX
"mi r?�i B7 r2 /QMǶi ?�p2 iQ bi`B+iHv �+?B2p2 QTiBK�HBiv\ q?�i B7 7Q` Qm`
Tm`TQb2b- �HH r2 M22/ Bb ;QQ/ 2MQm;?\ 6Q`r�`/@bi2TrBb2 b2H2+iBQM ?2HTb mb
/Q Dmbi i?�i, ;2i ;QQ/ 2MQm;? Uu�v- *Ƕb ;2i /2;`22bVX
>Qr /Q2b Bi rQ`F\ 6Q`r�`/ bi2T@rBb2 b2H2+iBQM #�bB+�HHv 7mM+iBQMb �b 7QHHQrb,
�bbmK2 r2 ?�p2 k 72�im`2b BM iQi�H iQ +?QQb2 7`QKX q2 rBHH Q`/2` i?2b2 72�im`2b
�b f1- f2- Ę- fk- �M/ H2i S /2MQi2 Qm` #2bi T2`7Q`KBM; 72�im`2 b2i bQ 7�`X q2
2t2+mi2 i?2 7QHHQrBM; T`Q+2/m`2,

RV AMBiB�HHv bi�`i rBi? S #2BM; i?2 2KTiv b2i UbQ MQ 72�im`2bVX
kV _2T2�i i?2 7QHHQrBM; T`Q+2bb, 7Q` 2�+? Q7 i?2 k 72�im`2b r2 +�M +?QQb2

7`QK- H2i Sk #2 i?2 72�im`2 b2i rBi? 72�im`2 fk �//2/ iQ SX _mM +`Qbb@
p�HB/�iBQM mbBM; SkX �i i?2 2M/ �bbB;M S iQ i?2 #2bi T2`7Q`KBM; Sk �KQM;
�HH i?2 Sk +`2�i2/ /m`BM; i?2 HQQTX

jV _mM i?2 HQQT BM kV mMiBH Qm` b2i +QMi�BMb � MmK#2` Q7 72�im`2b 2[m�H iQ
bQK2 i?`2b?QH/ r2 +?QQb2X

>2M+2- �i i?2 #2;BMMBM; S Bb 2KTivX G2iǶb b�v r2 ?�p2 i?`22 TQi2MiB�H 72�im`2b
f1- f2- �M/ f3X q2 rBHH `mM +`Qbb@p�HB/�iBQM i?`22 iBK2b- �//BM; � bBM;H2 72�im`2
iQ S 2�+? iBK2X >2M+2 r2 rBHH ?�p2 QM2 `mM rBi? i?2 72�im`2 b2i {f1}- QM2 rBi?
{f2}- �M/ QM2 rBi? {f3}X
h?2 72�im`2 b2i rBi? i?2 #2bi ;2M2`�HBx�iBQM 2``Q` rBHH #2 mb2/ 7Q` SX q2 i?2M
`2T2�i i?Bb T`Q+2bb- ;`22/BHv �//BM; � bBM;H2 72�im`2 iQ Qm` M2r S 2�+? iBK2-
#�b2/ QM #2bi ;2M2`�HBx�iBQM 2``Q`X
�M/ i?�iǶb Bi5 LQiB+2 i?�i 7Q` i?Bb T�`iB+mH�` �H;Q`Bi?K r2 +�M QMHv `mM +`Qbb@
p�HB/�iBQM mT iQ Q`/2` k2 iBK2b U+�M vQm b22 r?v\V h?Bb Bb +H2�`Hv Jl*>
#2ii2` i?�M `mMMBM; +`Qbb@p�HB/�iBQM �M 2tTQM2MiB�H MmK#2` Q7 iBK2b- r?B+? Bb
r?�i r2 ;2i rBi? #2bi@bm#b2i b2H2+iBQMX
h?2`2 Bb �MQi?2` `2H�i2/ 72�im`2 b2H2+iBQM i2+?MB[m2 +�HH2/ #�+Fr�`/@bi2TrBb2
b2H2+iBQM r?2`2 S Bb BMBiB�HBx2/ iQ i?2 b2i Q7 �HH 72�im`2b- �M/ i?2M /m`BM;
2�+? Bi2`�iBQM Q7 kV �#Qp2- r2 `2KQp2 � 72�im`2 BMbi2�/ Q7 �// � 72�im`2X h?2
`2K�BM/2` Q7 i?2 �H;Q`Bi?K Bb i?2 b�K2 �b 7Q`r�`/@bi2TrBb2 b2H2+BQMX

6BM�H h?Qm;?ib
"2bB/2b i?2 �7Q`2K2MiBQM2/ i2+?MB[m2b- i?2`2 �`2 � MmK#2` Q7 KQ`2 bQT?BbiB@
+�i2/ 72�im`2 b2H2+iBQM �TT`Q�+?2bX h?2b2 BM+Hm/2 bBKKmH�i2/ �MM2�HBM; �M/
;2M2iB+ �H;Q`Bi?Kb- Dmbi iQ M�K2 � 72rX 6Q` MQr- r2 rBHH H2�p2 /Bb+mbbBQM Q7
i?Qb2 i2+?MB[m2b iQ �MQi?2` iBK25 _2;�`/H2bb- 72�im`2 b2H2+iBQM Bb �M BKTQ`i�Mi
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i2+?MB[m2 iQ �// iQ i?2 iQQH#Qt- �b Bi 2M�#H2b mb iQ #2 KQ`2 +�`27mH BM ?Qr r2
#mBH/ Qmi Qm` KQ/2HbX

h2bi uQm` EMQrH2/;2
62�im`2 1ti`�+iBQM
"2bi am#b2i 62�im`2b
62�im`2 a2H2+iBQM 1t�KTH2b
�//BM; 62�im`2b 1t�KTH2
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JQ/2H _2;mH�`Bx�iBQM

6B;m`2 99, _2;mH�`Bx�iBQM K2K2

AM i?Bb b2+iBQM- r2 rBHH +QMiBMm2 rBi? Qm` Q/vbb2v i?`Qm;? T`�+iB+�H K�+?BM2
H2�`MBM; K2i?Q/QHQ;v #v /Bb+mbbBM; KQ/2H `2;mH�`Bx�iBQMX _2;mH�`Bx�iBQM
Bb �M BKK2Mb2Hv BKTQ`i�Mi T`BM+BTH2 BM K�+?BM2 H2�`MBM; �M/ QM2 Q7 i?2 KQbi
TQr2`7mH QM2b BM i?2 T`�+iBiBQM2`Ƕb iQQHFBiX 1t+Bi2/\ G2iǶb ;2i bi�`i2/5
_2;mH�`Bx�iBQM Bb �MQi?2` r�v iQ �//`2bb i?2 2p2`@T`2b2Mi T`Q#H2K Q7 KQ/2H ;2M@
2`�HBx�iBQMX Ai Bb � i2+?MB[m2 r2 �TTHv iQ /2�H rBi? KQ/2H Qp2`}iiBM;- T�`iB+mH�`Hv
r?2M � KQ/2H Bb Qp2`bT2+B}2/ 7Q` i?2 T`Q#H2K r2 �`2 i�+FHBM;X
q2 ?�p2 �+im�HHv �H`2�/v b22M `2;mH�`Bx�iBQM T`2pBQmbHvX _2+�HH i?�i r?2M r2
r2`2 bim/vBM; bmTTQ`i p2+iQ` K�+?BM2b- r2 BMi`Q/m+2/ bH�+F p�`B�#H2b iQ K�F2
i?2 KQ/2H H2bb bmb+2TiB#H2 iQ QmiHB2`b �M/ �HbQ K�F2 Bi bQ i?�i i?2 KQ/2H +QmH/
?�M/H2 MQM@HBM2�`Hv b2T�`�#H2 /�i�X
h?2b2 bH�+F p�`B�#H2b `2T`2b2Mi2/ � K2�Mb Q7 `2;mH�`BxBM; i?2 KQ/2H- i?`Qm;?
r?�i r2 rBHH b?Qr H�i2` Bb +�HH2/ L1 `2;mH�`Bx�iBQMX
h?2`2 �`2 K�Mv ivT2b Q7 `2;mH�`Bx�iBQM- bQK2 i?�i +�M #2 �TTHB2/ iQ � #`Q�/
`�M;2 Q7 KQ/2Hb- �M/ Qi?2`b i?�i r2 rBHH b22 �`2 � #Bi KQ`2 KQ/2H@+H�bb bT2+B}+
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Ubm+? �b /`QTQmi 7Q` M2m`�H M2irQ`FbVX

L2 _2;mH�`Bx�iBQM
h`�/BiBQM�HHv r?2M r2 �`2 #mBH/BM; � bmT2`pBb2/ KQ/2H- r2 ?�p2 bQK2 MmK#2`
Q7 72�im`2b r2 2ti`�+i 7`QK Qm` /�i�X .m`BM; i`�BMBM;- r2 H2�`M r2B;?ib i?�i
/B+i�i2 ?Qr BKTQ`i�Mi 2�+? 72�im`2 Bb 7Q` Qm` KQ/2HX
h?2b2 r2B;?ib imM2 i?2 bi`2M;i? Q7 i?2 72�im`2b i?`Qm;? BMi2`�+iBQMb `�M;BM;
7`QK i?2 bBKTH2 HBM2�` QM2b U�b BM i?2 +�b2 Q7 HBM2�` `2;`2bbBQMV iQ KQ`2 +QKTH2t
BMi2`�+iBQMb HBF2 i?Qb2 r2 r2 rBHH b22 rBi? M2m`�H M2irQ`FbX
6Q` i?2 iBK2 #2BM;- H2iǶb �bbmK2 i?�i r2 �`2 /2�HBM; rBi? HBM2�` `2;`2bbBQMX
h?2`27Q`2- r2 ?�p2 � r2B;?i p2+iQ` A = (A1, A2, ..., Ak) 7Q` Qm` k 72�im`2bX L2
`2;mH�`Bx�iBQM Bb i?2 }`bi ivT2 Q7 `2;mH�`Bx�iBQM r2 rBHH 7Q`K�HHv BMp2biB;�i2-
�M/ Bi BMpQHp2b �//BM; i?2 b[m�`2 Q7 i?2 r2B;?ib iQ Qm` +Qbi 7mM+iBQMX
q?�i i?�i HQQFb HBF2 BM K�i?2K�iB+b Bb �b 7QHHQrb, _2+�HH i?�i 7Q` HBM2�` `2;`2b@
bBQM r2 r2`2 i`vBM; iQ KBMBKBx2 i?2 p�Hm2 Q7 i?2 H2�bi@b[m�`2b +Qbi,

C(X) = 1
2 ·

n∑

i=1
(F (Xi) − Yi)2

�//BM; �M
L2

T2M�Hiv- KQ/B}2b i?Bb +Qbi 7mM+iBQM iQ i?2 7QHHQrBM;,

C(X) = 1
2 ·

n∑

i=1
(F (Xi) − Yi)2 + L ·

k∑

i=1
A2

i

aQ- i?Bb +Qbi 7mM+iBQM BMpQHp2b QTiBKBxBM; i?Bb KQ`2 +QKTH2t bmK Q7 i2`KbX LQ@
iB+2 i?�i MQr Qm` KQ/2H Kmbi 2Mbm`2 i?�i i?2 b[m�`2/ K�;MBim/2 Q7 Bib r2B;?ib
/QMǶi ;2i iQQ #B;- �b i?�i rQmH/ H2�/ iQ � H�`;2` Qp2`�HH p�Hm2 Q7 Qm` +QbiX
AM T`�+iB+2- ?�pBM; bK�HH2` r2B;?i K�;MBim/2b b2`p2b i?2 Tm`TQb2 Q7 2Mbm`BM;
i?�i �Mv bBM;H2 72�im`2 Bb MQi r2B;?i2/ iQQ ?2�pBHv- 2z2+iBp2Hv bKQQi?BM; Qmi
Qm` KQ/2H }iX h?Bb Bb 2t�+iHv r?�i r2 r�Mi iQ /Q iQ T`2p2Mi Qp2`}iiBM;X
uQm K�v ?�p2 MQiB+2/ i?�i r2 �HbQ ?�p2 i?Bb 2ti`� i2`K L i?�i r2 KmHiBTHv
i?`Qm;? BM Qm` L2 T2M�HivX L �b vQm K�v `2K2K#2` Bb +�HH2/ � ?vT2`T�`�K2i2`
�M/ Bb bQK2i?BM; i?�i Bb ivTB+�HHv imM2/ UBX2X � ;QQ/ p�Hm2 Bb +?Qb2MV /m`BM;
+`Qbb@p�HB/�iBQM Q` KQ/2H i`�BMBM;X
q2 +�M /Q bQK2 bBKTH2 �M�HvbBb iQ mM/2`bi�M/ ?Qr L �z2+ib Qm` +QbiX A7 L Bb
`2�HHv- `2�HHv bK�HH U�b BM +HQb2 iQ yV- BiǶb �b B7 r2 �`2 MQi �i �HH �TTHvBM; �M L2
T2M�Hiv �M/ Qm` +Qbi 7mM+iBQM /2;2M2`�i2b iQ i?2 Q`B;BM�H +Qbi 7mM+iBQM r2 r2`2
QTiBKBxBM; #27Q`2X
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>Qr2p2`- B7 L Bb `2�HHv- `2�HHv #B;- i?2M Qm` +Qbi rBHH 7Q+mb bQH2Hv QM KBMBKBxBM;
i?2 p�Hm2 Q7 Qm` L2 T2M�HivX AM T`�+iB+2- i?Bb �KQmMib iQ b2M/BM; �HH Q7 Qm`
r2B;?ib iQr�`/ yX Pm` KQ/2H #�bB+�HHv 2M/b mT H2�`MBM; MQi?BM;5
h?Bb K�F2b b2Mb2 #2+�mb2 B7 r2 7Q+mb p2`v ?�`/ QM +QmMi2`�+iBM; i?2 2z2+ib Q7
Qp2`}iiBM;- r2 K�v 2z2+iBp2Hv 2M/ mT mM/2`}iiBM;X AM T`�+iB+2- i?2`2 Bb � br22i
bTQi 7Q` i?2 L T�`�K2i2` r?B+? /2T2M/b QM Qm` /�i� �M/ T`Q#H2KX
� [mB+F MQi2 QM i2`KBMQHQ;v, vQm K�v �HbQ bQK2iBK2b b22 L2 `2;mH�`Bx�iBQM
`272``2/ iQ �b `B/;2 `2;`2bbBQM- i?Qm;? 7Q` Qm` Tm`TQb2b r2 rBHH +QMiBMm2 iQ
+�HH Bi L2 `2;mH�`Bx�iBQMX q?BH2 r2 7Q+mb2/ QM HBM2�` `2;`2bbBQM iQ BMi`Q/m+2 L2
`2;mH�`Bx�iBQM- T`�+iB+�HHv bT2�FBM; i?Bb i2+?MB[m2 +�M #2 �TTHB2/ iQ K�Mv Qi?2`
KQ/2H +H�bb2bX

L1 _2;mH�`Bx�iBQM
q2 +�M MQr KQp2 QM iQ /Bb+mbbBM; L1 `2;mH�`Bx�iBQMX h?Bb i2+?MB[m2 Bb +QM@
+2Tim�HHv bBKBH�` iQ L2 `2;mH�`Bx�iBQM- 2t+2Ti BMbi2�/ Q7 �//BM; i?2 i2`K

L ·
k∑

i=1
A2

i

iQ Qm` +Qbi- r2 �// i?2 i2`K

L ·
k∑

i=1
|Ai|

h?�iǶb Bi5 �b K2MiBQM2/ T`2pBQmbHv- r2Ƕp2 �H`2�/v b22M L1 `2;mH�`Bx�iBQM BM Qm`
bH�+F p�`B�#H2b BM i?2 bmTTQ`i p2+iQ` K�+?BM2 +QbiX LQiB+2 ?Qr rBi? Qm` L1
`2;mH�`Bx�iBQM i2`K- r2 +�M mb2 i?2 b�K2 HQ;B+ 7Q` imMBM; i?2 L T�`�K2i2` �b
rBi? L2 `2;mH�`Bx�iBQMX
q?BH2 L1 `2;mH�`Bx�iBQM b22Kb T`2iiv bBKBH�` K�i?2K�iB+�HHv- Bi ?�b [mBi2 /Bz2`@
2Mi BKTHB+�iBQMb 7Q` 72�im`2 b2H2+iBQMX Ai im`Mb Qmi i?�i QM2 Q7 i?2 +QMb2[m2M+2b
Q7 mbBM; L1 `2;mH�`Bx�iBQM Bb i?�i K�Mv r2B;?ib ;Q iQ y Q` ;2i `2�HHv +HQb2 iQ yX
AM i?�i b2Mb2- L1 `2;mH�`Bx�iBQM BM/m+2b bi`B+i2` bT�`bBiv BM Qm` 72�im`2
b2iX h?Bb 2z2+iBp2Hv K2�Mb i?�i K�Mv Q7 i?2 72�im`2b �`2MǶi +QmMi2/ �i �HH BM
Qm` KQ/2HX h?Bb K�F2b Bi KQ`2 HBF2 � i`�/BiBQM�H 72�im`2 b2H2+iBQM �H;Q`Bi?K-
�b +QKT�`2/ iQ L2 `2;mH�`Bx�iBQM i?�i �+?B2p2b � bKQQi?2` +QMiBMmQmb b2i Q7
r2B;?ib 7Q` Qm` 72�im`2 b2iX

6BM�H h?Qm;?ib
AM �//BiBQM iQ i?2b2 `2;mH�`Bx�iBQM i2+?MB[m2b- i?2`2 �`2 K�Mv KQ`2 r�vb iQ
`2;mH�`Bx2 � KQ/2H Qmi i?2`2- r?B+? r2 rQMǶi +Qp2`X AM T`�+iB+2- i?2 ivT2 Q7
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`2;mH�`Bx�iBQM vQm mb2 p2`v Q7i2M /2T2M/b QM ?Qr vQm r�Mi iQ +QMi`QH vQm`
72�im`2 b2iX "mi `2;�`/H2bb- Bi Bb � ?m;2Hv BKTQ`i�Mi i2+?MB[m2 iQ F22T mM/2`
vQm` #2Hi �b vQm p2Mim`2 BMiQ i?2 K�+?BM2 H2�`MBM; DmM;H25

h2bi uQm` EMQrH2/;2
_2�bQMb 7Q` _2;mH�`Bx�iBQM
GRfGk .Bz2`2M+2b
GR Qp2` Gk
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CQBM i?2 1Mb2K#H2

6B;m`2 98, aQm`+2 �M�HviB+b oB/?v�

�b Bib M�K2 bm;;2bib- i?2 +Q`2 B/2� Q7 2Mb2K#HBM; Bb �#Qmi +QK#BMBM; � +QHH2+@
iBQM Q7 KQ/2Hb iQ ;2i � KQ`2 T2`7Q`K�Mi KQ/2HX h?Bb Bb �M�HQ;Qmb iQ i?2 B/2� Q7
+QK#BMBM; BM/BpB/m�H KmbB+�H BMbi`mK2Mib iQ ;2i �M Q`+?2bi`�H 2Mb2K#H2 Q7 ?�`@
KQMBQmb bQmM/bX h?Bb H2bbQM rBHH #2 �#Qmi ?Qr r2 +�M �+?B2p2 i?�i ?�`KQMBQmb
bQmM/ BM K�+?BM2 H2�`MBM; �X
1Mb2K#HBM; Bb �M 2ti`2K2Hv TQr2`7mH i2+?MB[m2 �M/ Bb Q7i2M � bm`2}`2 r�v iQ
b[m22x2 Qmi � 72r T2`+2Mi�;2 TQBMib Q7 T2`7Q`K�M+2 QM �Mv i�bF vQm i�+FH2X
6Q` 2t�KTH2- i?2 rBMMBM; 2Mi`B2b Q7 i?2 L2i~Bt +?�HH2M;2 BM kyyd r2`2 �HH bQ@
T?BbiB+�i2/ 2Mb2K#H2/ bvbi2KbX 1Mb2K#HBM; Q7i2M +�M 2Bi?2` ?2HT mb ;2i � KQ`2
T2`7Q`K�Mi KQ/2H Q` ?2HT �//`2bb Bbbm2b Q7 Qp2`}iiBM; #v `2/m+BM; Qm` KQ/2H
p�`B�M+2X

Smi i?2 JQ/2H BM i?2 "�;
h?2 }`bi i2+?MB[m2 7Q` 2Mb2K#HBM; r2 rBHH bim/v Bb +�HH2/ #�;;BM; Q` #QQibi`�T
�;;;`2;�iBM;X >Qr /Q2b Bi �+im�HHv rQ`F\
a�v r2 ?�p2 � /�i�b2i +QMi�BMBM; L /�i�TQBMibX h`�/BiBQM�HHv- r2 rQmH/ i`�BM
� bBM;H2 KQ/2H QM i?Bb /�i�b2i- mbBM; bQK2 ivT2 Q7 /�i�b2i bTHBiiBM; Q` +`Qbb@
p�HB/�iBQM iQ �bb2bb i?2 KQ/2HǶb ;2M2`�HBx�iBQM 2``Q`X
qBi? #�;;BM;- r2 i�F2 Qm` /�i�b2i �M/ ;2M2`�i2 E #QQibi`�TT2/ bK�HH2`

8e



/�i�b2ib #v `�M/QKHv b�KTHBM; bQK2 MmK#2` J Q7 /�i�TQBMib rBi? `2TH�+2@
K2Mi 7`QK i?2 Q`B;BM�H /�i�b2iX S?2r i?�i r�b � KQmi?7mH5
G2iǶb i�F2 � +QM+`2i2 2t�KTH2 iQ BHHmbi`�i2 Qm` TQBMiX �bbmK2 r2 ?�p2 � /�i�b2i
+QMbBbiBM; Q7 N = 6 TQBMib �M/ r2 r�Mi iQ ;2M2`�i2 K = 3 bK�HH2` /�i�b2ib
rBi? M = 4 TQBMib 2�+?X h?�i rQmH/ HQQF �b b?QrM BM 6B;m`2 9eX

6B;m`2 9e, "QQibi`�T2/ /�i�b2ib

LQi2 i?�i #2+�mb2 r2 �`2 `�M/QKHv b�KTHBM; rBi? `2TH�+2K2Mi- TQBMib K�v #2 `2@
T2�i2/ BM i?2 bK�HH2` /�i�b2ibX h?2b2 bK�HH2` /�i�b2ib �`2 +�HH2/ #QQibi`�TT2/
/�i�b2ibX
LQr r2 i`�BM � b2T�`�i2 KQ/2H T2` #QQibi`�TT2/ /�i�b2iX q?2M r2 �`2 /QM2 r2
rBHH ?�p2 � K2;� KQ/2HX q?2M r2 r�Mi iQ H�#2H � M2r BMTmi- r2 `mM Bi i?`Qm;?
2�+? Q7 i?2 KQ/2Hb i`�BM2/ QM i?2 #QQibi`�TT2/ /�i�b2ib- +�HH2/ #QQibi`�TT2/
KQ/2HbX q2 i?2M �p2`�;2 i?2B` QmiTmibX
AM i?2 +�b2 Q7 +H�bbB}+�iBQM- r2 +�M bBKTHv i�F2 i?2 K�DQ`Biv H�#2H QmiTmi #v
i?2 #QQibi`�TT2/ KQ/2HbX
AM i?2 +�b2 Q7 `2;`2bbBQM- r2 +�M MmK2`B+�HHv �p2`�;2 i?2 #QQibi`�TT2/ KQ/2HbǶ
QmiTmibX �M 2Mb2K#H2 Q7 i?`22 #QQibi`�TT2/ +H�bbB}+�iBQM KQ/2Hb rBi? i?2B`
T`2/B+iBQMb #2BM; �;;`2;�i2/ rQmH/ HQQF �b b?QrM BM 6B;m`2 9dX
6Q` bQK2 ?B;?@H2p2H BMimBiBQM �#Qmi #�;;BM;- +QMbB/2` i?�i #v ?�pBM; 2�+? #QQi@
bi`�TT2/ KQ/2H H2�`M mbBM; /�i�TQBMib i?�i �`2 � bm#b2i Q7 i?2 iQi�H /�i�b2i- r2
�HHQr 7Q` 2�+? KQ/2H iQ H2�`M bQK2 bi�iBbiB+�H `2;mH�`BiB2b rBi?Qmi Qp2`2KT?�@
bBxBM; �Mv T�`iB+mH�` #2?�pBQ`X

8d



6B;m`2 9d, 1Mb2K#H2/ KQ/2H �;;`2;�i2
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AM Qi?2` rQ`/b- #v ?�pBM; K�Mv bK�HH KQ/2Hb r2 +�bi � rB/2` M2i BM +�Tim`BM;
i?2 7mHH /�i�b2i #2?�pBQ`X "�;;BM; Bb Q7i2M 2KTHQv2/ rBi? /2+BbBQM i`22b- i?Qm;?
Bi +�M #2 �TTHB2/ iQ �Mv KQ/2H +H�bbX

:2iiBM; � "QQbi
"QQbiBM; Bb � p2`v /Bz2`2Mi ~�pQ` Q7 2Mb2K#HBM; i?�i Bb �HbQ 2ti`2K2Hv TQr2`7mHX
J�Mv /Bz2`2Mi #QQbiBM; �H;Q`Bi?Kb ?�p2 #22M /2p2HQT2/- i?Qm;? ?2`2 r2 rBHH
7Q+mb QM QM2 Q7 i?2 KQ`2 +�MQMB+�H i2+?MB[m2b, �/�#QQbiX �b rBi? #�;;BM;-
#QQbiBM; BMpQHp2b i`�BMBM; � +QHH2+iBQM Q7 KQ/2Hb QM � /�i�b2i- i?Qm;? i?2 2t�+i
T`Q+2/m`2 Bb p2`v /Bz2`2MiX
G2iǶb /2b+`B#2 i?2 T`Q+2/m`2 i?`Qm;? � +QM+`2i2 2t�KTH2X �bbmK2 r2 ?�p2
9 TQBMib BM Qm` i`�BMBM; /�i�b2i- �M/ r2 �`2 #mBH/BM; � KQ/2H 7Q` � #BM�`v
+H�bbB}+�iBQM i�bFX
q2 bi�`i Qz #v �bbQ+B�iBM; � MmK2`B+�H r2B;?i rBi? 2�+? Q7 i?2 /�i�TQBMib �M/
mb2 i?2 r2B;?i2/ /�i�b2i iQ i`�BM � KQ/2HX G2iǶb +�HH i?Bb i`�BM2/ KQ/2H M1X
LQi2 i?2 r2B;?ib #2;BM rBi? i?2 b�K2 p�Hm2- r?B+? r2 rBHH Dmbi b2i iQ R 7Q` MQrX
h?Bb HQQFb HBF2 6B;m`2 93X

6B;m`2 93, JQ/2H #QQbiBM; ai2T R

L2ti r2 +QKTmi2 ?Qr K�Mv Q7 i?2 /�i�TQBMib Qm` KQ/2H KBb+�H+mH�i2/X h?Bb
KBb+�H+mH�iBQM 2``Q` Bb mb2/ iQ �bbQ+B�i2 � r2B;?i 7Q` i?2 2MiB`2 KQ/2H M1- r?B+?
r2 rBHH +�HH W1X
6m`i?2`KQ`2- r2 MQr mT/�i2 �HH i?2 r2B;?ib QM i?2 /�i�b2i- mTr2B;?iBM; i?Qb2
r?B+? r2`2 KBbT`2/B+i2/ �M/ /QrMr2B;?iBM; i?2 Qi?2`bX h?Bb HQQFb HBF2 6B;m`2
9NX
q2 MQr mb2 i?Bb M2rHv r2B;?i2/ /�i�b2i iQ i`�BM � 7`2b? KQ/2H M2X h?Bb Bb i?2M
mb2/ iQ +QKTmi2 � M2r r2B;?i 7Q` M2- r?B+? r2 rBHH +�HH W2X
q2 +QMiBMm2 i?Bb T`Q+2/m`2 Q7 `2r2B;?iBM; i?2 /�i�b2i- i`�BMBM; � M2r KQ/2H-
�M/ i?2M mbBM; i?2 T`2/B+iBQM 2``Q` iQ �bbQ+B�i2 � KQ/2H r2B;?iX
G2iǶb b�v r2 `mM i?Bb 7Q` 8 Bi2`�iBQMbX �i i?2 2M/- r?2M r2 �`2 T`2/B+iBM; 7Q`
� M2r BMTmi X- r2 i�F2 i?2 T`2/B+iBQMb Q7 Qm` KQ/2Hb M1- Ę- M5 �M/ 7Q`K �
K�DQ`Biv pQi2 �b b?QrM BM 6B;m`2 8yX

8N



6B;m`2 9N, JQ/2H #QQbiBM; ai2T k

6B;m`2 8y, JQ/2H #QQbiBM; ai2T j

ey



AM T`�+iB+2- i?2 r2B;?ib /2i2`KBM2/ 7Q` i?2 KQ/2Hb i2M/ iQ 7�pQ` i?Qb2 KQ/2Hb
r?B+? r2`2 KQ`2 �++m`�i2 +H�bbB}2`b QM i?2 /�i�b2iX q?2M r2 �`2 #mBH/BM; Qm`
BMBiB�H ǳM�Bp2Ǵ KQ/2Hb BM i?2 2�`Hv bi�;2b Q7 #QQbiBM;- r2 �`2 T2`72+iHv QF�v rBi?
i`�BMBM; mM/2`T2`7Q`K�Mi KQ/2HbX
AM 7�+i- i?�i Bb r?�i K�F2b #QQbiBM; bm+? � #2�miB7mH �M/ 2H2;�Mi i2+?MB[m2, Bi
/2KQMbi`�i2b i?�i vQm +�M i�F2 � +QHH2+iBQM Q7 r2�F KQ/2Hb �M/ +QK#BM2 i?2K
iQ 7Q`K � bi`QM; KQ/2HX
�//BiBQM�HHv- #2+�mb2 r2 �`2 i`�BMBM; KmHiBTH2 KQ/2Hb QM 2z2+iBp2Hv /Bp2`b2
/�i�b2ib- r2 i2M/ iQ `2/m+2 Qp2`}iiBM; BM Qm` }M�H #QQbi2/ KQ/2HX

_�M/QK 6Q`2bib
q2 rBHH MQr p2`v #`B2~v bT2M/ bQK2 iBK2 /Bb+mbbBM; � +QM+`2i2 2Mb2K#H2/ KQ/2H
i?�i Bb QM2 Q7 i?2 #2bi ;Q@iQ KQ/2Hb iQ 2KTHQv 7Q` M2r i�bFbX h?Bb i2+?MB[m2 Bb
+�HH2/ `�M/QK 7Q`2bib- �M/ Bi Bb �M 2Mb2K#HBM; bi`�i2;v 7Q` /2+BbBQM i`22bX
_�M/QK 7Q`2bib �`2 Q7i2M mb2/ iQ �//`2bb Qp2`}iiBM; i?�i +�M ?�TT2M BM i`22bX
Ai /Q2b i?Bb #v T2`7Q`KBM; � ivT2 Q7 72�im`2 #�;;BM;X q?�i i?Bb K2�Mb Bb i?�i
/m`BM; i?2 T`Q+2/m`2- r2 i`�BM BM/BpB/m�H i`22b QM #QQibi`�TT2/ bm#b2ib Q7 i?2
/�i� �b BM i`�/BiBQM�H #�;;BM;X
>Qr2p2`- i?2 i`22b i?�i �`2 +`2�i2/ QMHv mb2 � `�M/QK bm#b2i Q7 i?2 iQi�H 72�im`2
b2i r?2M i?2v �`2 #2BM; #mBHiX _2+�HH i?�i i?Bb Bb /Bz2`2Mi 7`QK ?Qr i`22b �`2
i`�/BiBQM�HHv #mBHi- r?2`2 /m`BM; #mBH/BM; r2 +QMbB/2` i?2 7mHH b2i Q7 72�im`2b 7Q`
2�+? bTHBiX lbBM; � bm#b2i Q7 i?2 72�im`2b �i 2�+? bTHBi ?�b i?2 2z2+i Q7 2p2M
KQ`2 bi`B+iHv /2+Q``2H�iBM; i?2 i`22b �+`Qbb i?2 bK�HH2` /�i�b2ibX
�i i?2 2M/- i?2 M2r i`22b �`2 +QK#BM2/ �b BM MQ`K�H #�;;BM; iQ 7Q`K Qm` K2;�
KQ/2HX _�M/QK 7Q`2bi �`2 p2`v MB+2 KQ/2Hb #2+�mb2 i?2v ;2i i?2 2tT`2bbBp2
TQr2` Q7 /2+BbBQM i`22b #mi +QK#�i i?2 ?B;? p�`B�M+2 i?�i i`22b �`2 bmb+2TiB#H2
iQX

6BM�H h?Qm;?ib
q2 rBHH 2M/ i?Bb H2bbQM rBi? � 72r �//BiBQM�H MQi2bX q?BH2 2Mb2K#HBM; Bb p2`v
TQr2`7mH- Bi +�M #2 � p2`v +QbiHv QT2`�iBQMX h?Bb Bb #2+�mb2 Q7i2MiBK2b BM 2M@
b2K#HBM; i2+?MB[m2b r2 Kmbi i`�BM K�Mv KQ/2Hb QM � ;Bp2M /�i�b2iX
"2+�mb2 Q7 i?Bb 2Mb2K#HBM; Bb Q7i2M QMHv mb2/ r?2M vQm �`2 i`vBM; iQ b[m22x2 Qmi
� #Bi KQ`2 T2`7Q`K�M+2 QM � +2`i�BM T`Q#H2KX h?�i #2BM; b�B/- Bi Bb � 7�Mi�biB+
i2+?MB[m2 7Q` `2/m+BM; Qp2`}iiBM; BM KQ/2HbX

h2bi uQm` EMQrH2/;2
1Mb2K#HBM; lb2b
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JQ/2H 1p�Hm�iBQM

6B;m`2 8R, 1p�Hm�iBQM K2K2

h?mb 7�` BM Qm` bim/v Q7 p�`BQmb K�+?BM2 H2�`MBM; KQ/2Hb- r2 ?�p2 Q7i2M �HHm/2/
iQ 2p�Hm�iBM; Qm` KQ/2HbX 1p�Hm�iBQM ?�b #22M 2bT2+B�HHv `2H2p�Mi r?2M i`�BMBM;
�M/ T2`7Q`KBM; +`Qbb@p�HB/�iBQMX
1p�Hm�iBQM Bb �HbQ p2`v BKTQ`i�Mi r?2M r2 ?�p2 bm++2bb7mHHv i`�BM2/ � KQ/2H
�M/ �`2 `2�/v iQ b�v ǳ"�b2/ QM bm+?@�M/@bm+? K2�bm`2- i?Bb Bb i?2 [m�HBiv Q7
i?Bb KQ/2HXǴ
J2i`B+b BM Qi?2` bBim�iBQMb mbm�HHv `272` iQ 2p�Hm�iBM; bQK2 K2�bm`2 Q7 bm++2bb
i?�i �HHQrb mb iQ [m�MiBi�iBp2Hv +QKT�`2 QM2 p�Hm2 �;�BMbi �MQi?2`X
6Q` 2t�KTH2 r?2M r2 �`2 i�HFBM; �#Qmi biQ+F �M�HvbBb- r2 K�v `272` iQ K2i`B+b
bm+? �b i?2 T`B+2@iQ@2�`MBM;b `�iBQ Q7 � +QKT�MvǶb biQ+F- Q` r2 K�v `272` iQ �
+QKT�MvǶb K�`F2i +�TBi�HBx�iBQMX
q?�i /Q bm+? K2i`B+b HQQF HBF2 7Q` K�+?BM2 H2�`MBM; KQ/2Hb\ Ai im`Mb Qmi
i?2`2 �`2 � 72r +QKKQMHv@mb2/ 2p�Hm�iBQM K2i`B+b #Qi? 7Q` +H�bbB}+�iBQM �M/
`2;`2bbBQMX h?Bb H2bbQM rBHH BMi`Q/m+2 � 72r Q7 i?2b2 K2i`B+b �M/ /2b+`B#2 r?�i
i?2v �`2 K2�Mi iQ +�Tim`2X
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�++m`�+v
�++m`�+v Bb QM2 Q7 i?2 KQbi 7mM/�K2Mi�H K2i`B+b mb2/ BM +H�bbB}+�iBQMX AM
Bib KQbi #�bB+ i2`Kb- �++m`�+v +QKTmi2b i?2 `�iBQ Q7 i?2 MmK#2` Q7 +Q``2+i
T`2/B+iBQMb iQ i?2 iQi�H MmK#2` Q7 T`2/B+iBQMb,

�++m`�+v = #*Q``2+i S`2/B+iBQMb
hQi�H # S`2/B+iBQMb

6Q` 2t�KTH2- B7 r2 �`2 /QBM; � #BM�`v +H�bbB}+�iBQM T`2/B+iBM; i?2 HBF2HB?QQ/ i?�i
� +�` Bb +?2�T Q` 2tT2MbBp2- r2 K�v T`2/B+i 7Q` � /�i�b2i Q7 }p2 +�`b U*>1�S-
*>1�S- 1sS1LaAo1- *>1�S- 1sS1LaAo1VX
A7 BM `2�HBiv i?2 +�`b �`2 U*>1�S- *>1�S- *>1�S- 1sS1LaAo1- 1s@
S1LaAo1V- i?2M Qm` �++m`�+v Bb 3

5 = 60%X AM i?Bb +�b2 Qm` KQ/2H Bb MQi /QBM;
� ;`2�i DQ# Q7 bQHpBM; i?2 i�bFX
:2M2`�HHv- �++m`�+v Bb � ;QQ/ TH�+2 iQ bi�`i rBi? +H�bbB}+�iBQM i�bFbX aQK2iBK2b-
?Qr2p2`- Bi Bb MQi � bm{+B2Mi K2i`B+X q?2M Bb i?�i i?2 +�b2\ hQ �Mbr2` i?Bb
[m2biBQM- r2 ?�p2 iQ BMi`Q/m+2 � HBiiH2 KQ`2 i2`KBMQHQ;vX
AM +H�bbB}+�iBQM- � i`m2 TQbBiBp2 Bb � TQbBiBp2 H�#2H i?�i Qm` KQ/2H T`2/B+ib
7Q` � /�i�TQBMi r?Qb2 i`m2 H�#2H Bb �HbQ TQbBiBp2X 6Q` Qm` `mMMBM; 2t�KTH2- r2
+�M /2MQi2 � *>1�S T`2/B+iBQM �b � TQbBiBp2 QM2- bQ Qm` KQ/2H ?�/ k i`m2
TQbBiBp2bX
� i`m2 M2;�iBp2 Bb r?2M Qm` KQ/2H �++m`�i2Hv K�F2b � M2;�iBp2 T`2/B+iBQMX AM
Qm` `mMMBM; 2t�KTH2- i?2`2 �`2 k 1sS1LaAo1 +�`b Q7 r?B+? Qm` KQ/2H H�#2Hb
R +Q``2+iHv- bQ i?2 MmK#2` Q7 i`m2 M2;�iBp2b Bb RX
� 7�Hb2 TQbBiBp2 Bb r?2M Qm` KQ/2H T`2/B+ib � TQbBiBp2 H�#2H #mi i?2 i`m2 H�#2H
Bb M2;�iBp2X AM i?2 2t�KTH2- Qm` KQ/2H T`2/B+ib *>1�S � bBM;H2 iBK2 r?2M BM
7�+i i?2 H�#2H r�b 1sS1LaAo1- bQ r2 ?�p2 R 7�Hb2 TQbBiBp2X
aBKBH�`Hv- � 7�Hb2 M2;�iBp2 Bb r?2M Qm` KQ/2H T`2/B+ib � M2;�iBp2 H�#2H #mi
i?2 i`m2 H�#2H r�b TQbBiBp2X AM Qm` 2t�KTH2- Qm` KQ/2H T`2/B+ib 1sS1LaAo1
QM+2 r?2M BM 7�+i i?2 H�#2H r�b *>1�S- bQ i?2 MmK#2` Q7 7�Hb2 M2;�iBp2b Bb RX
qBi? i?2b2 /2}MBiBQMb BM TH�+2- r2 +�M �+im�HHv `2r`Bi2 Qm` /2}MBiBQM Q7 �++m`�+vX
G2iiBM; hS 4 h`m2 SQbBiBp2- hL 4 h`m2 L2;�iBp2- 6L 4 6�Hb2 L2;�iBp2-
�M/ 6S 4 6�Hb2 SQbBiBp2 r2 ?�p2,

�++m`�+v = TP + TN

TP + TN + FP + FN

:Bp2M i?Bb /2}MBiBQM- r2 b22 i?�i Qm` �++m`�+v Bb 2+1
2+1+1+1 = 60% �b r2 ?�/

#27Q`2X
aQ r?v BMi`Q/m+2 �HH i?Bb i2`KBMQHQ;v\ �HH i?2b2 M2r i2`Kb rBHH ?2HT mb iQ
mM/2`bi�M/ r?2M �++m`�+v Bb H�+FBM; �b � K2i`B+X

ej



*QMbB/2` i?2 2t�KTH2 Q7 +�` +H�bbB}+�iBQM 7`QK b2p2`�H H2bbQMb �;Q- �M/ BK�;BM2
i?�i r2 �`2 +H�bbB7vBM; � /�i�b2i Q7 Ryy +�`bX G2iǶb b�v i?�i Qm` KQ/2H ?�b k
i`m2 TQbBiBp2b- R 7�Hb2 TQbBiBp2- d 7�Hb2 M2;�iBp2b- �M/ Ny i`m2 M2;�iBp2bX
AM i?Bb +�b2- Qm` KQ/2HǶb �++m`�+v rQmH/ #2 2+90

2+90+7+1 = 92%X h?�i bQmM/b
;`2�i- `B;?i\ q2HH- K�v#2 �i }`biX
"mi H2iǶb i?BMF �#Qmi i?2 H�#2H /Bbi`B#miBQM Q7 Qm` +�` /�i�b2iX Ai im`Mb Qmi r2
?�p2 Ny Y R 4 NR 1sS1LaAo1 +�`b #mi QMHv k Y d 4 N *>1�S +�`bX >2M+2
Qm` KQ/2H B/2MiB}2/ Ny Q7 i?2 NR 1sS1LaAo1 +�`b �b 1sS1LaAo1- #mi
QMHv k Q7 i?2 N *>1�S +�`b �b *>1�SX
h?Bb Bb +H2�`Hv � T`Q#H2K- r?2`2 Qm` �++m`�+v K2i`B+ Bb ;BpBM; mb �M BM+Q``2+i
bB;M�H �#Qmi i?2 [m�HBiv Q7 Qm` KQ/2HX
Ai im`Mb Qmi i?�i r?2M r2 ?�p2 � H�`;2 /BbT�`Biv BM Qm` H�#2H /Bbi`B#miBQM UNR
1sS1LaAo1 +�`b pbX N *>1�S +�`bV- �++m`�+v Bb MQi � ;`2�i K2i`B+ iQ mb2X
AM 7�+i B7 Qm` bvbi2K ?�/ HBi2`�HHv QMHv T`2/B+i2/ 1sS1LaAo1 7Q` 2p2`v M2r
+�` Bi `2+2Bp2/ �b �M BMTmi- Bi rQmH/ biBHH ?�p2 ?�/ � NRW �++m`�+vX
"mi +H2�`Hv MQi �HH +�`b �`2 1sS1LaAo1X Ai im`Mb Qmi r2 M22/ � KQ`2 }M2@
;`�BM2/ K2i`B+ iQ /2�H rBi? i?Bb Bbbm2X

F1 a+Q`2
h?2 F1 b+Q`2 /Q2b � #2ii2` DQ# Q7 ?�M/HBM; i?2 H�#2H@/BbT�`Biv Bbbm2 r2 2M+QmM@
i2`2/ rBi? �++m`�+vX Ai /Q2b i?Bb #v H2p2`�;BM; irQ K2�bm`2b, T`2+BbBQM �M/
`2+�HHX h?2b2 irQ [m�MiBiB2b �`2 /2}M2/ �b 7QHHQrb,

S`2+BbBQM = TP

TP + FP

_2+�HH = TP

TP + FN

6Q` Qm` Ryy@+�` /�i�b2i �#Qp2- i?2 T`2+BbBQM Q7 Qm` KQ/2H rQmH/ #2 2
2+1 = 66.6%-

r?BH2 i?2 `2+�HH rQmH/ #2 2
2+7 = 22.2%X Pm+?5

h?2 F1 b+Q`2 Bb i?2M /2}M2/ �b,

F1 = 2 · S`2+BbBQM · _2+�HH
S`2+BbBQM + _2+�HH

Pm` +m``2Mi KQ/2H rQmH/ `2+2Bp2 �M F1 b+Q`2 Q7 33.3%X �HH Q7 � bm//2M Qm`
KQ/2H b22Kb Jl*> rQ`b2X h?�iǶb � ;QQ/ i?BM; #2+�mb2 i?2 KQ/2H H2�`M2/ iQ
+QKTH2i2Hv /Bb`2;�`/ T`2/B+iBM; QM2 2MiB`2 H�#2H BM Qm` /�i�b2iX h?Bb Bb `2�HHv
#�/X >2M+2 i?2 F1 b+Q`2 T2M�HBx2/ Bi bm#bi�MiB�HHvX
AM T`�+iB+2- r?2M Bi +QK2b iQ +H�bbB}+�iBQM i�bFb- i?2 F1 b+Q`2 Bb KQ`2 Q7i2M mb2/
�b � K2i`B+ #2+�mb2 Bi ;Bp2b � KQ`2 #�H�M+2/ K2�bm`2 Q7 � KQ/2HǶb T2`7Q`K�M+2X

e9



J2�M �#bQHmi2 1``Q`
G2iǶb b?B7i ;2�`b � #Bi iQ /Bb+mbb � +QKKQMHv@mb2/ K2i`B+ 7Q` `2;`2bbBQM i�bFb,
K2�M �#bQHmi2 2``Q`X A7 QM � j TQBMi /�i�b2i- r2 ?�p2 � KQ/2H QmiTmiiBM; i?2
p�Hm2b Y1- Y2- Y3 �M/ i?2 i`m2 p�Hm2b �`2 G1- G2- G3- i?2M i?2 K2�M �#bQHmi2
2``Q` Bb /2}M2/ �b,

J2�M �#bQHmi2 1``Q` =
∑3

i=1 |yi − gi|
3

BM Qi?2` rQ`/b- i?2 �p2`�;2 Q7 i?2 �#bQHmi2 2``Q`bX JQ`2 +QM+`2i2Hv- B7 Qm` KQ/2H
QmiTmii2/ (0.1, −1.3, 0.8) �M/ i?2 i`m2 p�Hm2b �`2 (−0.4, −0.3, 1)- i?2M i?2 K2�M
�#bQHmi2 2``Q` rQmH/ #2,

J�1 = |0 − 1 − (−0.4)| + | − 1.3 − (−0.3)| + |0.8 − 1|
3

≈ 0.767

q?BH2 `2H�iBp2Hv bi`�B;?i7Q`r�`/- K2�M �#bQHmi2 2``Q` Bb � bi�M/�`/ r�v Q7 �b@
b2bbBM; i?2 [m�HBiv Q7 `2;`2bbBQM KQ/2HbX

6BM�H h?Qm;?ib
h?2 +QHH2+iBQM Q7 K2i`B+b r2 /Bb+mbb2/ Bb QMHv K2�Mi iQ T`QpB/2 � i�bi2 Q7 i?2
r�vb r2 +�M 2p�Hm�i2 KQ/2HbX h?2`2 �`2 K�Mv- K�Mv KQ`2 K2�Mb Q7 T2`7Q`KBM;
2p�Hm�iBQM i?�i �`2 mb2/ #v i?2 b+B2MiB}+ +QKKmMBivX
q?BH2 r2 BMi`Q/m+2/ �HH i?2b2 /Bz2`2Mi K2i`B+b- r2 M2p2` /Bb+mbb2/ r?�i � ;QQ/
b+Q`2 7Q` � K2i`B+ BbX Ai im`Mb Qmi i?2`2 Bb MQ QM2 ;QH/2M MmK#2` 7Q` �Mv K2i`B+X
h?2 b+Q`2 vQm b?QmH/ #2 �BKBM; 7Q` Bb- Q7 +Qm`b2- �b +HQb2 iQ T2`72+i �b TQbbB@
#H2X >Qr2p2`- ?Qr `2�bQM�#H2 T2`72+iBQM Bb /2T2M/b K�BMHv QM vQm` /�i�- ?Qr
+QKTH2t Bi Bb- ?Qr H2�`M�#H2 vQm` T`Q#H2K Bb- 2i+X
�MQi?2` BKTQ`i�Mi i?BM; iQ `2K2K#2` Bb M2p2` iQ Tmi �HH vQm` 2;;b BM QM2
#�bF2i r?2M 2p�Hm�iBM; � KQ/2H �M/ �bbmK2 i?�i 2t+2HH2Mi T2`7Q`K�M+2 QM �
bBM;H2 K2i`B+ /2}MBi2Hv /2KQMbi`�i2b i?2 bmT2`BQ`Biv Q7 � KQ/2HX
q2ǶHH 2M/ i?Bb H2bbQM rBi? � `2H2p�Mi MQi2 Q7 +�miBQM 7`QK 2+QMQKBbi *?�`H2b
:QQ/?�`i, q?2M � K2�bm`2 #2+QK2b � i�`;2i- Bi +2�b2b iQ #2 � ;QQ/ K2�bm`2X

h2bi uQm` EMQrH2/;2
S`2+BbBQM 1t�KTH2
6R .2}MBiBQM
*�H+mH�i2 6R
"BM�`v *QM7mbBQM J�i`Bt
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J�`F2i "�bF2i �M�HvbBb

6B;m`2 8k, "mbv bmT2`K�`F2i

AM i?Bb b2+iBQM- r2 rBHH #2 2tTHQ`BM; �MQi?2` 2t�KTH2 Q7 �M mMbmT2`pBb2/ H2�`MBM;
�H;Q`Bi?K, K�`F2i #�bF2i �M�HvbBbX J�`F2i #�bF2i �M�HvbBb /2�Hb rBi? i?2
T`Q#H2K Q7 �M�HvxBM; i?2 `2H�iBQMb?BT #2ir22M b2ib Q7 Bi2Kb �M/ ?Qr Q7i2M i?2v
�TT2�` BM +2`i�BM #�bF2ibX
hQ K�F2 i?Bb /2b+`BTiBQM KQ`2 +QM+`2i2- QM2 +QKKQM mb2 +�b2 7Q` K�`F2i #�bF2i
�M�HvbBb Bb HBi2`�HHv biQ`BM; Bi2Kb BM b?QTTBM; #�bF2ib5 >2`2 r2 �`2 +QM+2`M2/
rBi? bim/vBM; +mbiQK2`Ƕb Tm`+?�bBM; T�ii2`MbX
q2 �`2 T�`iB+mH�`Hv BMi2`2bi2/ BM `mH2b 7Q` �bbQ+B�iBM; i?2 T`2b2M+2 Q7 +2`i�BM
Bi2Kb BM � #�bF2i rBi? i?2 �TT2�`�M+2 Q7 �MQi?2` Bi2KX 6Q` 2t�KTH2- Bi KB;?i
#2 mb27mH 7Q` biQ`2 K�M�;2`b iQ FMQr i?�i r?2M +mbiQK2`b #mv +?BTb �M/ b�Hb�-
i?2v �HbQ i2M/ iQ #mv ;m�+�KQH2X h?Bb +QmH/ BM7Q`K ?Qr Bi2Kb �`2 H�B/ Qmi BM
� biQ`2 Q` �HHQr 7Q` KQ`2 i�`;2i2/ Bi2K `2+QKK2M/�iBQMbX

� 6Hm``v Q7 h2`KBMQHQ;v
LQr- ?Qr /Q r2 T`QT2`Hv 7Q`K�HBx2 i?2b2 BMimBiBQMb\ Pm` bim/v Q7 K�`F2i
#�bF2i �M�HvbBb rBHH `2[mB`2 BMi`Q/m+BM; [mBi2 � #Bi Q7 M2r i2`KBMQHQ;vX h?2
B/2�b i?2Kb2Hp2b �`2MǶi bmT2` +QKTHB+�i2/- #mi Bi KB;?i #2 � #Bi i`B+Fv iQ F22T
�HH i?2 M2r i2`Kb bi`�B;?iX .QMǶi rQ``v5 Cmbi `272` #�+F iQ i?2 /2}MBiBQMb �b
M2+2bb�`vX
hQ K�F2 Qm` �M�HvbBb +QM+`2i2- H2iǶb �bbmK2 r2 �`2 �M�HvxBM; �M �/KBii2/Hv
bK�HH b�KTH2 Q7 /�i� 7`QK � ;`Q+2`v biQ`2- r?2`2 r2 ?�p2 9 +mbiQK2`bǶ #�bF2ib-
+QMi�BMBM; i?2 7QHHQrBM; Bi2Kb,

RV U+?22b2- T�bi�- +�``Qib- TQi�iQ2b- #`Q++QHB- +?B+F2MV
kV U+?B+F2M- T�bi�- iQK�iQ2b- +�``QibV
jV U+?B+F2M- #`Q++QHB- T�bi�- +?22b2V
9V U+?Q+QH�i2- r�i2`- +�``Qib- bm;�`V

q2 /2}M2 i?2 bmTTQ`i Q7 �M Bi2K UQ` � +QHH2+iBQM Q7 Bi2KbV iQ #2 i?2 MmK#2` Q7
#�bF2ib BM r?B+? Bi �TT2�`bX 6Q` 2t�KTH2- i?2 bmTTQ`i Q7 (chicken) Bb j- bBM+2

ee



Bi �TT2�`b BM j #�bF2ibX aBKBH�`Hv- i?2 bmTTQ`i Q7 (chicken, pasta) Bb jX � ?B;?
bmTTQ`i K2�Mb �M Bi2K Q` b2i Q7 Bi2Kb �TT2�` BM � H�`;2 MmK#2` Q7 #�bF2ibX
q2 +�M bT2+B7v � MmK2`B+�H bmTTQ`i i?`2b?QH/- �M/ /2}M2 � 7`2[m2Mi Bi2Kb2i
iQ #2 QM2 r?Qb2 bmTTQ`i Bb 2[m�H iQ Q` ;`2�i2` i?�M Qm` bmTTQ`i i?`2b?QH/X
h?Bb Bb BKTQ`i�Mi #2+�mb2 r2 rBHH r�Mi iQ /Q �M �M�HvbBb QM Bi2Kb2ib i?�i
�+im�HHv �TT2�` BM � `2�bQM�#Hv H�`;2 MmK#2` Q7 #�bF2ib- bQ i?�i r2 +�M 2ti`�+i
K2�MBM;7mH BMbB;?ibX q?�i ;QQ/ Bb �M �M�HvbBb �`QmM/ bQK2i?BM; HBF2 #22ib-
r?B+? T`Q#�#Hv QMHv QM2 +mbiQK2` #Qm;?i �HH v2�`\ U6BM2- AǶK bm`2 �i H2�bi irQ
T2QTH2 #Qm;?i #22ibVX
Pm` ;Q�H rBHH i?2M #2 iQ 2ti`�+i i?Qb2 7`2[m2Mi Bi2Kb2ib BM Qm` #�bF2ibX hQ /Q
i?�i- r2 /2}M2 �M �bbQ+B�iBQM `mH2 r?B+? Bb r`Bii2M �b M → nX >2`2 M Bb �
+2`i�BM Bi2Kb2i- �M/ n Bb � bBM;H2 Bi2KX
h?2`27Q`2- �M 2t�KTH2 Q7 �M �bbQ+B�iBQM `mH2 rQmH/ #2 (chicken, pasta) →
(cheese)X h?2b2 `mH2b �HHQr mb iQ +QKTmi2 bQK2 HBF2HB?QQ/ i?�i i?2 Bi2K n
Bb 7QmM/ BM +QMDmM+iBQM rBi? i?Qb2 Bi2Kb BM M X
hQ ?2HT [m�MiB7v i?Bb MQiBQM- r2 �HbQ /2}M2 i?2 +QM}/2M+2 Q7 � `mH2 �b i?2
`�iBQ Q7 i?2 bmTTQ`i Q7 (M, n) iQ i?2 bmTTQ`i Q7 M X
aQ 7Q` Qm` `mMMBM; 2t�KTH2- i?2 +QM}/2M+2 Q7 (chicken, pasta) → (cheese) Bb
2
3 - bBM+2 (chicken, pasta, cheese) �TT2�` BM k #�bF2ib r?2`2�b (chicken, pasta)
�TT2�` BM jX
6Q` bQK2 [m�HBi�iBp2 �M�HvbBb Q7 i?Bb K2i`B+- MQi2 i?�i � T�`iB+mH�`Hv bK�HH +QM}@
/2M+2 UbQK2i?BM; +HQb2 iQ yV BKTHB2b � p2`v mMHBF2Hv �bbQ+B�iBQM `mH2X �M 2t�KTH2
Q7 i?�i rQmH/ #2 (broccoli) → (chocolate)X h?2 ?B;?2bi +QM}/2M+2 r2 +QmH/ ?�p2
Bb R- r?B+? rQmH/ ?�TT2M B7 Bi2K n �TT2�`2/ BM 2p2`v #�bF2i r?2`2 M �TT2�`2/X
q2 +�M K�F2 i?2 `2H�iBQMb?BT #2ir22M M �M/ n 2p2M KQ`2 TQr2`7mH 7`QK �
+�mb�H bi�M/TQBMi #v BMi`Q/m+BM; i?2 +QM+2Ti Q7 BMi2`2biX
AMi2`2bi Bb /2}M2/ �b i?2 +QM}/2M+2 Q7 i?2 �bbQ+B�iBQM `mH2 KBMmb i?2 7`�+@
iBQM Q7 #�bF2ib BM r?B+? n �TT2�`bX AM Qm` `mMMBM; 2t�KTH2- i?2 BMi2`2bi Q7
(chicken, pasta) → (cheese) rQmH/ #2 2

3 − 1
2 = 1

6 X
LQiB+2 i?�i r2 r�Mi Qm` BMi2`2bi iQ #2 �b ?B;? �b TQbbB#H2 #2+�mb2 i?�i rQmH/
bm;;2bi i?�i ?�pBM; (chicken, pasta) BM vQm` #�bF2i KQ`2 /B`2+iHv BKTHB2b vQm
rBHH ?�p2 (cheese) �b r2HHX
�M BMi2`2bi Q7 y rQmH/ KQ`2 +HQb2Hv bm;;2bi i?�i 2p2`v #�bF2i i?�i ?�b (cheese)
�HbQ ?�TT2Mb iQ ?�p2 (chicken, pasta)- r?B+? Bb MQi �b K2�MBM;7mH 7`QK � +�mb�H
bi�M/TQBMiX
�MQi?2` BMi2`2biBM; � +�b2 Bb r?2`2 r2 ?�p2 � M2;�iBp2 BMi2`2biX � M2;�iBp2
BMi2`2bi BKTHB2b i?�i i?2 T`2b2M+2 Q7 (chicken, pasta) /Bb+Qm`�;2b i?2 T`2b2M+2
Q7 (cheese)X

ed



SmiiBM; Ai �HH hQ;2i?2`
qBi? �HH i?Bb i2`KBMQHQ;v BM TH�+2- r2 +�M MQr bi�i2 i?�i i?2 +Q`2 Q7 mb27mH
K�`F2i #�bF2i �M�HvbBb #QBHb /QrM iQ }M/BM; �bbQ+B�iBQM `mH2b i?�i ?QH/ rBi?
?B;? +QM}/2M+2 QM Bi2Kb2ib rBi? ?B;? bmTTQ`iX qQr i?�iǶb � KQmi?7mH5
h?Bb H2�/b mb iQ i?2 KQbi bQT?BbiB+�i2/ �H;Q`Bi?K r2 rBHH b22 BM Qm` bim/B2b,
+QmMiBM;5 CQF2b �bB/2- Bi im`Mb Qmi i?�i }M/BM; �bbQ+B�iBQM `mH2b i?�i ?�p2 Qm`
/2bB`2/ T`QT2`iB2b 2z2+iBp2Hv `2[mB`2b /QBM; K2i?Q/B+�H +QmMiBM; Q7 �HH TQbbB#H2
+QK#BM�iBQMb Q7 Bi2Kb2ib Qp2` i?2 b2i Q7 �HH #�bF2ibX
h?2 /2pBH Bb BM i?2 /2i�BHb- ?Qr2p2`X P7i2M i?2 +QKTH2tBiv BM K�`F2i #�bF2i
�M�HvbBb Bb MQi bQ Km+? �#Qmi �Mv bQT?BbiB+�i2/ K�i?- �b Km+? �b Bi Bb �#Qmi
/2�HBM; rBi? �M�HvbBb �i b+�H2X
h?BMF �#Qmi ?Qr K�Mv +mbiQK2` #�bF2ib i?2`2 �`2 BM �M �p2`�;2 ;`Q+2`v biQ`2X
Ai +QmH/ #2 ?mM/`2/b Q7 i?Qmb�M/b BM � KQMi?- �M/ � #�bF2i +QmH/ +QMi�BM
�Mvr?2`2 7`QK � 72r iQ mTr�`/b Q7 8y Bi2KbX
h?�i K2�Mb r2 ?�p2 � GPh Q7 /�i� iQ T`Q+2bb �M/ biQ`2X Jm+? Q7 i?2 �H@
;Q`Bi?KB+ +QKTH2tBiv BM K�`F2i #�bF2i �M�HvbBb +QK2b BM �H;Q`Bi?Kb iQ /Q i?Bb
T`Q+2bbBM; 2{+B2MiHvX q2 rBHH /272` /Bb+mbbBQM Q7 i?2b2 +H2p2` �H;Q`Bi?Kb iQ
�MQi?2` iBK25

6BM�H h?Qm;?ib
"27Q`2 r2 }MBb? i?Bb H2bbQM- r2 rBHH 2M/ rBi? � 72r ?B;?@H2p2H MQi2b �#Qmi K�`F2i
#�bF2i �M�HvbBbX Ai im`Mb Qmi i?Bb �M�HvbBb i2+?MB[m2 Bb 2ti`2K2Hv mb27mH �M/ +�M
#2 �TTHB2/ iQ � MmK#2` Q7 /Bz2`2Mi T`Q#H2KbX
PM2 2t�KTH2 BM+Hm/2b /QBM; H�`;2@b+�H2 T`Q+2bbBM; Q7 rQ`/ /Q+mK2Mib r?2`2 r2
�`2 i`vBM; iQ 2ti`�+i rQ`/b i?�i +�M #2 HmKT2/ BMiQ +QM+2TibX AM i?Bb +�b2- Qm`
Bi2Kb �`2 i?2 rQ`/b �M/ i?2 #�bF2ib �`2 i?2 /Q+mK2MibX h?BMF �#Qmi r?�i
FBM/b Q7 �bbQ+B�iBQM `mH2b +QmH/ #2 mb27mH i?2`2X
J�`F2i #�bF2i �M�HvbBb +�M �HbQ #2 �TTHB2/ iQ 7`�m/ /2i2+iBQM r?2`2 r2 +�M
�M�Hvx2 i?2 bT2M/BM; T�ii2`Mb Q7 mb2`bX >2`2 mb2`bǶ +`2/Bi +�`/ Tm`+?�b2b Qp2`
� ;Bp2M iBK2 T2`BQ/ +QmH/ #2 #�bF2ib- �M/ i?2 i?BM;b i?2v Tm`+?�b2 +QmH/ #2
Bi2KbX
h?2`2 �`2 K�Mv Qi?2` mb2b- �M/ i?2 KQbi �K�xBM; i?BM; Bb i?�i r2 �`2 /2`BpBM;
p2`v K2�MBM;7mH �M�Hvb2b +QKTH2i2Hv BM �M mMbmT2`pBb2/ b2iiBM;X LQ ;`QmM/
i`mi? #mi biBHH � HQi Q7 mb27mH /2/m+iBQMbX L2�i5

h2bi uQm` EMQrH2/;2
6`2[m2Mi Ai2Kb2i 1t�KTH2
*QM}/2M+2 1t�KTH2
amTTQ`i 1t�KTH2
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q?�i E@J2�Mb

6B;m`2 8j, aQm`+2 q?�iJ�i`Bt

AM i?Bb b2+iBQM- r2 �`2 ;QBM; iQ +QMiBMm2 Qm` bim/v Q7 mMbmT2`pBb2/ H2�`MBM; #v
i�FBM; Qm` }`bi HQQF �i /�i� +Hmbi2`BM;X hQ /Q bQ- r2 rBHH /2b+`B#2 F@K2�Mb
+Hmbi2`BM;- r?B+? Bb QM2 Q7 i?2 KQbi TQTmH�` +Hmbi2`BM; �H;Q`Bi?Kb mb2/ #v
T`�+iBiBQM2`bX
�i � ?B;?@H2p2H- F@K2�Mb +Hmbi2`BM; b22Fb iQ }M/ � r�v iQ +HmKT Qm` /�i�b2i
BMiQ bQK2 T`2/2}M2/ MmK#2` Q7 +Hmbi2`b mbBM; � r2HH@/2}M2/ MQiBQM Q7 bBKBH�`Biv
�KQM; i?2 /�i�TQBMibX AM i?Bb +�b2- i?2 MQiBQM Q7 bBKBH�`Biv mbm�HHv �KQmMib
iQ KBMBKBxBM; BMi`�@+Hmbi2` p�`B�iBQM Q7 i?2 TQBMib �+`Qbb �HH i?2 +Hmbi2`bX G2iǶb
BMp2biB;�i2 r?�i i?Bb K2�Mb BM 7m`i?2` /2i�BHX

h?2 �H;Q`Bi?K
G2iǶb b�v i?�i r2 ?�p2 n /�i�TQBMib BM Qm` /�i�b2i, (X1, X2, ..., Xn)X >2`2 r2
�bbmK2 i?�i 2�+? Q7 i?2 /�i�TQBMib Bb �H`2�/v 72�im`Bx2/ �M/ `2T`2b2Mi2/ BM Bib
K�i?2K�iB+�H p2+iQ` MQi�iBQMX
q2 #2;BM #v b2H2+iBM; bQK2 MmK#2`- k- Q7 r?�i �`2 +�HH2/ +Hmbi2` +2Mi`QB/bX
G2iǶb /2MQi2 i?2b2 +2Mi`QB/b (C1, C2, ..., Ck)X LQi2 i?�i i?2 +2Mi`QB/b Kmbi ?�p2
i?2 b�K2 /BK2MbBQM �b i?2 TQBMib BM Qm` /�i�b2iX AM Qi?2` rQ`/b- B7 2�+? Q7 Qm`
/�i�TQBMib Bb � p2+iQ` Q7 /BK2MbBQM 8- i?2M Qm` +2Mi`QB/ rBHH �HbQ #2 � p2+iQ` Q7
/BK2MbBQM 8X

dy



h?2 F@K2�Mb �H;Q`Bi?K i?2M `mMb i?2 7QHHQrBM; bi2Tb `2T2�i2/Hv,
RV 6Q` 2p2`v /�i�TQBMi- }M/ i?2 +2Mi`QB/ iQ r?B+? Bi Bb +HQb2bi- �++Q`/BM; iQ

� 1m+HB/2�M /Bbi�M+2 K2i`B+X
kV PM+2 r2 ?�p2 �bbB;M2/ 2�+? /�i�TQBMi iQ � +2Mi`QB/ r2 `2+QKTmi2 2�+?

+2Mi`QB/ Cj #v �p2`�;BM; i?2 /�i�TQBMib i?�i ?�p2 #22M �bbB;M2/ iQ Cj X
G2iǶb ;Bp2 � #Bi KQ`2 /2i�BH �#Qmi i?2b2 bi2TbX 6Q` RV B7 r2 bi�`i rBi? X1- r2
+QKTmi2,

(L2(X1, Cj))2 7Q` 2p2`v Cj BM (C1, C2, ..., Ck)

>2`2 L2(X1, Cj) /2MQi2b i?2 1m+HB/2�M U�HbQ FMQrM �b L2V /Bbi�M+2 r2 /2b+`B#2/
BM i?2 H2bbQM QM `2;mH�`Bx�iBQMX �7i2` T2`7Q`KBM; i?Bb +�H+mH�iBQM- r2 �bbB;M
X1 iQ i?2 Cj r?B+? T`Q/m+2/ i?2 KBMBKmK p�Hm2 7Q` i?Bb b[m�`2/ 1m+HB/2�M
/Bbi�M+2X q2 `2T2�i i?�i T`Q+2/m`2 7Q` 2p2`v bBM;H2 /�i�TQBMiX
h?2 +�H+mH�iBQM BM bi2T kV ?�b i?2 2z2+i Q7 �/DmbiBM; i?2 +2Mi`QB/ iQ KQ`2 �++m@
`�i2Hv `2~2+i Bib +QMbiBim2Mi /�i�TQBMibX AM i?Bb r�v- i?2 irQ bi2Tb +QMbi�MiHv
brBi+? #2ir22M �bbB;MBM; TQBMib iQ +2Mi`QB/b �M/ i?2M �/DmbiBM; i?2 +2Mi`QB/bX
h?�iǶb �HH i?2`2 Bb iQ Bi5 q2 `2T2�i i?2b2 irQ bi2Tb mMiBH Qm` �H;Q`Bi?K +QMp2`;2bX
q?�i /Q2b +QMp2`;2M+2 K2�M ?2`2\
*QMp2`;2M+2 Q++m`b r?2M MQ /�i�TQBMib ;2i �bbB;M2/ iQ � M2r +Hmbi2` /m`BM; �M
2t2+miBQM Q7 RVX AM Qi?2` rQ`/b- i?2 +2Mi`QB/b ?�p2 bi�#BHBx2/X
"2HQr r2 BM+Hm/2 � pBbm�HBx�iBQM Q7 i?2 �H;Q`Bi?K 2t2+miBM; 7Q` bQK2 MmK#2`
Q7 Bi2`�iBQMb QM � /�i�b2iX G2iǶb b�v r2 ?�p2 bQK2 /�i� �M/ r2 �`2 i`vBM; iQ
+Hmbi2` Bi BMiQ i?`22 +Hmbi2`bX
q2 bi�`i rBi? �HH Qm` TQBMib mM�bbB;M2/ iQ �Mv +2Mi`QB/bX h?2 +2Mi`QB/b �`2
BM/B+�i2/ BM `2/- #Hm2- ;`22M BM 6B;m`2 89X
LQr r2 �bbB;M i?2 TQBMib iQ i?2B` M2�`2bi +2Mi`QB/ U6B;m`2 88VX
q2 i?2M �/Dmbi i?2 +2Mi`QB/b �++Q`/BM;Hv U6B;m`2 8eV
q2 i?2M `2T2�i i?2b2 bi2Tb mMiBH Qm` +2Mi`QB/b bi�#BHBx2- �i r?B+? TQBMi r2 �`2
/QM2X q2 b?QmH/ b22 i?`22 r2HH@/2}M2/ +Hmbi2`b �b BM 6B;m`2 8dX
E@K2�Mb +Hmbi2`BM; Bb 2H2;�Mi #2+�mb2 QM2 +�M /2KQMbi`�i2 K�i?2K�iB+�HHv i?�i
i?2 �H;Q`Bi?K Bb ;m�`�Mi22/ iQ +QMp2`;25 LQr vQm K�v #2 i?BMFBM; i?�i bQK2@
i?BM; b22Kb KBbbBM;X
q2 b22K iQ ?�p2 �pQB/2/ QM2 ?m;2 /2i�BH, ?Qr /Q r2 �+im�HHv TB+F i?2 BMBiB�H
+Hmbi2` +2Mi`QB/b 7Q` i?2 �H;Q`Bi?K\ AM T�`iB+mH�`- i?Qm;? F@K2�Mb Bb ;m�`�Mi22/
iQ +QMp2`;2- ?Qr /Q r2 FMQr Bi Bb +QMp2`;BM; iQ i?2 �#bQHmi2 QTiBK�H +Hmbi2`BM;\
h?2 b?Q`i �Mbr2` Bb r2 /QMǶiX Ai im`Mb Qmi i?�i +2Mi`QB/ b2H2+iBQM +�M T`2iiv
/`�biB+�HHv BKT�+i i?2 +Hmbi2`BM; T`Q/m+2/ #v i?2 �H;Q`Bi?KX PM2 2t�KTH2 Q7 �

dR



6B;m`2 89, lM+Hmbi2`2/ /�i�

6B;m`2 88, L2�`2bi +2Mi`QB/ �bbB;MK2Mi

dk



6B;m`2 8e, �/Dmbi +2Mi`QB/

6B;m`2 8d, *QKTH2i2 +Hmbi2`BM;

dj



p�HB/ +2Mi`QB/ b2H2+iBQM �H;Q`Bi?K i?�i Bb mb2/ BM T`�+iB+2 Bb Dmbi iQ TB+F `�M/QK
+2Mi`QB/bX �MQi?2` QM2 Bb iQ TB+F F TQBMib BM Qm` /�i�b2i i?�i �`2 bT`2�/ 7�`
�r�v 7`QK 2�+? Qi?2`X
"2+�mb2 /Bz2`2Mi +2Mi`QB/ b2H2+iBQM +�M BKT�+i i?2 +Hmbi2`BM;- Bi Bb +QKKQM iQ
`mM F@K2�Mb b2p2`�H iBK2b QM � /�i�b2i mbBM; /Bz2`2Mi b2H2+i2/ +2Mi`QB/b �M/
TB+FBM; i?2 #2bi +Hmbi2`BM; �KQM; i?2KX

6BM�H h?Qm;?ib
q?BH2 F@K2�Mb Bb MQi bmT2` +QKTHB+�i2/- Bi Bb � p2`v mb27mH K2i?Q/ 7Q` mMbmT2`@
pBb2/ H2�`MBM;X �b QM2 bBKTH2 mb2 +�b2- BK�;BM2 r2 r2`2 ;Bp2M � +QHH2+iBQM Q7
mMB/2MiB}2/ 2bb�vbX
q2 +QmH/ `2T`2b2Mi 2�+? /Q+mK2Mi �b � p2+iQ`- #�b2/ QM i?2 7`2[m2M+v Q7 rQ`/b
�TT2�`BM; BM i?2 2bb�vX q2 +QmH/ i?2M �TTHv F@K2�Mb +Hmbi2`BM; iQ }M/ r?B+?
2bb�vb �`2 KQbi bBKBH�`- �M/ i?Qb2 +QmH/ T2`?�Tb ;Bp2 mb bQK2 BM/B+�iBQM Q7 ?Qr
K�Mv �mi?Q`bǶ r`BiBM; Bb `2T`2b2Mi2/ BM i?2 +QHH2+iBQMX
S2`?�Tb r2 +QmH/ 2p2M 2ti`�+i i?2 +2Mi`QB/b �M/ +QKT�`2 i?2K iQ 2bb�vb r?Qb2
�mi?Q`b r2 FMQr �M/ i?�i +QmH/ ?2HT mb �+im�HHv B/2MiB7v i?2 mMFMQrM 2bb�vb
BM Qm` /�i�b2i5
h?Bb Bb Dmbi � bK�HH 2t�KTH2 Q7 ?Qr mb27mH F@K2�Mb +�M #2 BM T`�+iB+2X h?2`2
�`2 K�Mv KQ`2 b+2M�`BQb r?2`2 Bi +�M #2 2ti`2K2Hv mb27mH 7Q` �M�HvxBM; /�i�b2ib
r?2`2 r2 /QMǶi ?�p2 H�#2HbX

h2bi uQm` EMQrH2/;2
E@K2�Mb pbX ELL
*2Mi`QB/ AMBiB�HBx�iBQM
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S`BM+BT�H *QKTQM2Mib �M�HvbBb

6B;m`2 83, S*� K2K2

h?Bb b2+iBQM rBHH BMi`Q/m+2 mb iQ T`BM+BT�H +QKTQM2Mib �M�HvbBb- r?B+? Bb
;QBM; iQ #2 Qm` }`bi 2t�KTH2 Q7 � /�i� /BK2MbBQM�HBiv `2/m+iBQM i2+?MB[m2X
q?BH2 i?�i KB;?i bQmM/ `2�HHv 7�M+v- �i Bib +Q`2 /BK2MbBQM�HBiv `2/m+iBQM Bb �
7�B`Hv BMimBiBp2 B/2�X

JQiBp�iBQMb
hQ KQiBp�i2 Bi- H2iǶb BK�;BM2 r2 ?�p2 � 72�im`Bx2/ /�i�b2i +QMbBbiBM; Q7 i?2
TQBMib (X1, X2, ..., Xn)X aQ 7�` BM T�bi b2+iBQMb- r2 ?�p2 M2p2` bT2Mi iQQ Km+?
iBK2 i�HFBM; �#Qmi i?2 /BK2MbBQM�HBiv Q7 Qm` /�i�TQBMib- Q` BM Qi?2` rQ`/b- i?2
MmK#2` Q7 72�im`2b T2` /�i�TQBMiX q2 ?�p2 H�`;2Hv BK�;BM2/ i?�i Qm` /�i�
+QMbBbi2/ Q7 � ?�M/7mH Q7 K�Mm�HHv@+?Qb2M 72�im`2b- K�v#2 QM i?2 Q`/2` Q7 8@ky
Q` bQX
"mi 7Q` K�Mv T`Q#H2Kb- Qm` 72�im`2 b2ib bT�M mTr�`/b Q7 i?Qmb�M/b Q7 72�im`2b5
�b �M 2t�KTH2- +QMbB/2` � T`Q#H2K r?2`2 r2 �`2 �M�HvxBM; bQK2 +QHH2+iBQM Q7
i2ti /Q+mK2MibX
6Q` bm+? � T`Q#H2K- Bi Bb T2`72+iHv `2�bQM�#H2 iQ 72�im`Bx2 2�+? /Q+mK2Mi #v i?2
MmK#2` Q7 Q++m``2M+2b Q7 2�+? mMB[m2 rQ`/X AM Qi?2` rQ`/b- B7 i?2 �TT2�`b j
iBK2b BM i?2 /Q+mK2Mi �M/ +�i �TT2�`b 8 iBK2b- r2 rQmH/ ?�p2 irQ b2T�`�i2
72�im`2b rBi? p�Hm2b j �M/ 8 `2bT2+iBp2HvX LQiB+2 ?Qr BM i?Bb +�b2- Qm` 72�im`2
b2i +QmH/ +QM+2Bp�#Hv #2 2[m�H BM bBx2 iQ i?2 MmK#2` Q7 rQ`/b BM i?2 1M;HBb?

d8



/B+iBQM�`v- r?B+? Bb Qp2` Ryy-yyy rQ`/b5
PM+2 r2 �`2 /2�HBM; rBi? ?B;?@/BK2MbBQM�H /�i�- r2 7�+2 � MmK#2` Q7 M2r
+?�HH2M;2b `2H�i2/ iQ i?2 +QKTmi�iBQM�H +Qbi Q7 i`�BMBM; � KQ/2H Q` K2KQ`v
+Qbib `2H�i2/ iQ biQ`BM; /�i� QM /BbFX �MQi?2` [m2biBQM i?�i M�im`�HHv +QK2b mT
Bb, /Q r2 ?�p2 �Mv `2/mM/�M+v BM Qm` 72�im`2b\
q2 /2`Bp2 72�im`2b 7`QK /�i� #2+�mb2 r2 #2HB2p2 i?�i i?Qb2 72�im`2b +QMi�BM
BM7Q`K�iBQM i?�i rBHH #2 mb27mH 7Q` H2�`MBM; i?2 QmiTmib Q7 Qm` KQ/2HbX "mi
B7 r2 ?�p2 KmHiBTH2 72�im`2b i?�i 2M+Q/2 bBKBH�` BM7Q`K�iBQM- i?2M i?Qb2 2ti`�
72�im`2b /QMǶi ?2HT mb H2�`M � #2ii2` KQ/2H �M/ K�v BM 7�+i Dmbi BM+m` �//BiBQM�H
MQBb2X
�b �M 2t�KTH2- BK�;BM2 i?�i r2 �`2 i`�BMBM; � KQ/2H iQ /2i2`KBM2 r?2i?2` �
;Bp2M +�` Bb +?2�T Q` 2tT2MbBp2- �M/ r2 ?�p2 QM2 72�im`2 i?�i Bb i?2 bBx2 Q7 i?2
i`mMF BM +m#B+ 722i �M/ �MQi?2` 72�im`2 i?�i Bb i?2 MmK#2` Q7 b?QTTBM; #�;b
i?�i +�M }i BM i?2 i`mMFX
q?BH2 i?2b2 72�im`2b �`2MǶi 2t�+iHv i?2 b�K2- i?2v �`2 biBHH p2`v `2H�i2/ �M/ Bi
+2`i�BMHv b22Kb HBF2 r2 rQmH/MǶi ?�p2 � H2bb TQr2`7mH KQ/2H B7 r2 `2KQp2/ QM2
Q7 i?2b2 72�im`2bX

q2H+QKBM; S*�
.BK2MbBQM�HBiv `2/m+iBQM Bb � i2+?MB[m2 #v r?B+? r2 b22F iQ `2/m+2 2�+? /�i�@
TQBMi iQ � bK�HH2` 72�im`2 b2i- r?2`2 r2 T`2b2`p2 i?2 BM7Q`K�iBQM BM 2�+? /�i@
�TQBMiX 6Q` � HBiiH2 KQ`2 pBbm�H BMimBiBQM �#Qmi r?�i /BK2MbBQM�HBiv `2/m+iBQM
+QmH/ HQQF HBF2- BK�;BM2 � /�i�b2i rBi? irQ T`BK�`v 72�im`2b U�M/ i?2B` �bbQ+B@
�i2/ �t2bV i?�i HQQFb �b b?QrM BM 6B;m`2 8NX
LQiB+2 ?Qr BM i?Bb 2t�KTH2- Bi b22Kb i?�i r2 `2�HHv QMHv M22/ � bBM;H2 �tBb
U`�i?2` i?�M irQV iQ `2T`2b2Mi Qm` 2MiB`2 /�i�b2i- M�K2Hv Z1 �b BM 6B;m`2 eyX
h?Bb K2�Mb i?�i r2 +QmH/ T`QD2+i 2�+? /�i�TQBMi QM i?Bb M2r �tBb Z1X LQiB+2
?Qr 2t+2Ti 7Q` � HBiiH2 #Bi Q7 rB;;H2 �HQM; i?2 Z2 /B`2+iBQM i?�i r2 /QMǶi +�Tim`2-
Qm` /�i�b2i +QmH/ #2 `2T`2b2Mi2/ BM i2`Kb Q7 i?Bb M2r bBM;H2 Tb2m/Q72�im`2X LQr
i?2 #B; [mbiBQM Bb, ?Qr /Q r2 TB+F i?Bb Z1 �tBb iQ mb2 7Q` `2T`2b2MiBM; Qm`
/�i�b2i\
�M/ ?2`2 r2 }M�HHv ;2i iQ T`BM+BT�H +QKTQM2Mib �M�HvbBb UQ` S*� 7Q` b?Q`iVX
S*� Bb �M �H;Q`Bi?K r?2`2#v r2 }M/ i?2b2 �t2b �HQM; r?B+? i?2 72�im`2 Q7 �
/�i�b2i +�M #2 KQ`2 +QM+Bb2Hv `2T`2b2Mi2/X h?2b2 �t2b �`2 +�HH2/ i?2 T`BM+BT�H
+QKTQM2MibX
>Qr /Q2b i?2 �H;Q`Bi?K }M/ i?2b2 T`BM+BT�H +QKTQM2Mib\
q2HH- BM Q`/2` iQ ;�BM bQK2 BMimBiBQM 7Q` i?2 �H;Q`Bi?K- H2iǶb `2pBbBi Qm` `mMMBM;
2t�KTH2 Q7 i?2 /�i�b2i �#Qp2X q?BH2 r2 /2/m+2/ i?�i Z1 �#Qp2 r�b � ;QQ/ �tBb
�HQM; r?B+? iQ T`QD2+i Qm` /�i� bQ �b iQ `2/m+2 i?2 /BK2MbBQM�HBiv- BK�;BM2 B7
r2 ?�/ TB+F2/ Z2 BMbi2�/X

de



6B;m`2 8N, a�KTH2 /�i�b2i

Ai +2`i�BMHv 722Hb HBF2 i?Bb Bb �M BM72`BQ`- 7�B`Hv MQM@`2T`2b2Mi�iBp2- �tBb �HQM;
r?B+? iQ `2/m+2 Qm` /�i�b2iX aQ r?�i K�F2b Qm` Q`B;BM�H Z1 � #2ii2` �tBb i?�M
i?Bb �Hi2`M�i2 Z2\
h?2 S*� �H;Q`Bi?K +H�BKb i?�i r2 r�Mi iQ T`QD2+i Qm` /�i� QMiQ �M �tBb r?2`2
i?2 p�`B�M+2 Q7 i?2 /�i�TQBMib Bb K�tBKBx2/X h?2 p�`B�M+2 Q7 � /�i�b2i
`Qm;?Hv K2�bm`2b ?Qr 7�` 2�+? TQBMi Bb 7`QK i?2 /�i�b2i K2�MX LQiB+2 ?Qr i?2
p�`B�M+2 Q7 Qm` /�i� T`QD2+i2/ QMiQ Z1 +2`i�BMHv Bb H�`;2` i?�M i?�i Q7 i?2 /�i�
T`QD2+i2/ QMiQ Z2X
AM i?2 b2+QM/ +�b2- Km+? Q7 i?2 /�i� +Q�H2b+2b iQ � 72r p2`v +HQb2 TQBMib- r?B+?
b22Kb HBF2 i?Bb /BK2MbBQM�HBiv `2/m+iBQM Bb K�FBM; mb HQb2 bQK2 BM7Q`K�iBQMX
LQr i?�i r2 FMQr i?�i S*� b22Fb iQ }M/ i?2 �tBb i?�i K�tBKBx2b i?2 p�`B�M+2
Q7 Qm` T`QD2+i2/ /�i�- r2Ƕ`2 ;QBM; iQ /`QT � #Bi Q7 K�i? iQ 7Q`K�HBx2 i?Bb MQiBQMX
6Q` i?2 R@/BK2MbBQM�H +�b2- BK�;BM2 i?�i r2 ?�p2 � /�i�b2i (X1, X2, ..., Xn)X
J�tBKBxBM; i?2 p�`B�M+2 Q7 i?2 /�i� Bb 2[mBp�H2Mi iQ }M/BM; i?2 mMBi@p2+iQ`- v-
i?�i K�tBKBx2b,

1
n

n∑

i=1
(XT

i v)2

dd



6B;m`2 ey, �t2b }i QM /�i�b2i

d3



6BM/BM; i?Bb v +�M #2 /QM2 T`2iiv 2{+B2MiHv mbBM; bQK2 HBM2�` �H;2#`� T`QT2`iB2b
i?�i r2 rQMǶi ;Q BMiQ 7Q` MQrX PM+2 r2 �`2 /QM2- i?Bb v Bb Qm` }`bi T`BM+BT�H
+QKTQM2Mi5
h?2 b2+QM/ T`BM+BT�H +QKTQM2Mi rQmH/ #2 i?2 �tBb i?�i K�tBKBx2b i?2 p�`B�M+2
QM i?2 /�i� �7i2` r2 ?�p2 `2KQp2/ i?2 BM~m2M+2 Q7 i?2 }`bi T`BM+BT�H +QKTQM2MiX
A7 r2 2ti`�+i2/ k T`BM+BT�H +QKTQM2Mib- i?2b2 +QKTQM2Mib rQmH/ /2}M2 � k@
/BK2MbBQM�H bm#bT�+2 i?�i K�tBKBx2b i?2 p�`B�M+2 Q7 Qm` /�i�X

6BM�H h?Qm;?ib
AM T`�+iB+2- r?2M r2 �`2 `2/m+BM; Qm` /�i�b2i r2 rBHH +?QQb2 bQK2 `2�bQM�#H2
MmK#2` Q7 T`BM+BT�H +QKTQM2Mib iQ 2ti`�+iX AM i?Bb r�v r2 +QmH/ i�F2 2�+?
/�i�TQBMi +QMbBbiBM; Q7 K�v#2 Ryyy 72�im`2b �M/ `2T`2b2Mi Bi �b � +QKT`2bb2/
p2+iQ` Q7 K�v#2 ky p�Hm2b UB7 r2 +?Qb2 iQ 2ti`�+i ky T`BM+BT�H +QKTQM2MibVX h?�i
Bb T`2iiv �r2bQK25
"2+�mb2 Q7 i?Bb- S*� Bb Q7i2M � ;Q@iQ i2+?MB[m2 7Q` /�i� T`2T`Q+2bbBM; #27Q`2
�Mv KQ/2H i`�BMBM; Bb /QM2X �Hi2`M�iBp2Hv S*� +�M #2 mb2/ iQ pBbm�HBx2 p2`v
?B;?@/BK2MbBQM�H /�i� #v T`QD2+iBM; Bi BMiQ K�v#2 k Q` j /BK2MbBQMb- iQ ;�BM
bQK2 BMbB;?ib BMiQ r?�i i?2 /�i� `2T`2b2MibX
PM2 H�bi T`�+iB+�H MQi2 `2;�`/BM; S*� Bb i?�i Bi Bb +QKKQM iQ MQ`K�HBx2 i?2
/�i�b2i #27Q`2 `mMMBM; i?2 �H;Q`Bi?K- #v bm#i`�+iBM; Qmi i?2 /�i�b2i K2�M �M/
�HbQ 2Mbm`BM; i?�i i?2 72�im`2b �`2 mbBM; i?2 b�K2 mMBib UvQm /QMǶi r�Mi iQ ?�p2
� 72�im`2 i?�i Bb � /Bbi�M+2 BM K2i2`b �M/ QM2 BM 722iVX �7i2` i?�i MQ`K�HBx�iBQM
Bb /QM2- r2 +�M `mM i?2 S*� �H;Q`Bi?K �b /2b+`B#2/ �#Qp2X

h2bi uQm` EMQrH2/;2
S*� .2}MBiBQM
S*� S`2T`Q+2bbBM;
"2bi �tBb
S*� �/p�Mi�;2b
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.22T .Bp2 AMiQ L2m`�H L2irQ`Fb

6B;m`2 eR, L2m`�H M2irQ`F K2K2

AM i?Bb b2+iBQM- r2 rBHH i�F2 Qm` }`bi /22T /Bp2 BMiQ /22T H2�`MBM;X "2+�mb2 /22T
H2�`MBM; Bb T`BK�`BHv i?2 bim/v Q7 M2m`�H M2irQ`Fb- r2 rBHH bT2M/ i?2 M2ti 72r
b2+iBQMb 2tTHQ`BM; i?2 BMb@�M/@Qmib Q7 p�`BQmb +H�bb2b Q7 M2m`�H M2irQ`F KQ/2Hb
i?�i 2�+? ?�p2 /Bz2`2Mi �`+?Bi2+im`2b �M/ mb2@+�b2bX
AM i?Bb b2+iBQM- r2 rBHH #2 bim/vBM; i?2 KQbi p�MBHH� ~�pQ` Q7 M2m`�H M2irQ`Fb,
722/7Q`r�`/ M2m`�H M2irQ`FbX *QMbB/2` 6B;m`2 ek- b?QrBM; i?2 T`Q+2bb Q7
`mMMBM; �M BK�;2 i?`Qm;? bQK2 M2m`�H M2irQ`F@#�b2/ +H�bbB}2` iQ /2i2`KBM2 BiǶb
�M BK�;2 Q7 � /Q;,

6B;m`2 ek, "�bB+ M2m`�H M2irQ`F

h?2 M2irQ`F BM i?2 KB//H2 Bb i?2 K�BM 2M;BM2 /QBM; Qm` +H�bbB7vBM;- �M/ Bi im`Mb

3y



Qmi i?Bb Bb Qm` }`bi 2t�KTH2 Q7 � 722/7Q`r�`/ M2m`�H M2irQ`FX aQ r?�iǶb ;QBM;
QM ?2`2\ G2iǶb /Bp2 BM �M/ b225

"mBH/BM; lT i?2 L2irQ`F
G2iǶb xQQK BM QM Dmbi i?2 KQ/2H- b?QrM BM 6B;m`2 ej,

6B;m`2 ej, L2m`�H M2irQ`F +HQb2@mT

6B;m`2 e9 b?Qrb 2�+? +QKTQM2Mi Q7 i?Bb 722/7Q`r�`/ M2irQ`F H�#2HH2/,
Ai im`Mb Qmi i?Bb M2irQ`F Bb T2`7Q`KBM; +2`i�BM H�v2`@#�b2/ +QKTmi�iBQMbX hQ
mM/2`bi�M/ r?�i 2�+? H�v2` Bb /QBM;- r2 Kmbi }`bi #2;BM �i i?2 bi�`i Q7 i?2
KQ/2H +QKTmi�iBQM- r?B+? Bb r?2`2 r2 T`QpB/2 i?2 BMTmi /�i�X
_2+�HH i?�i r2 +�M `2T`2b2Mi 2�+? TQBMi BM � /�i�b2i i?`Qm;? bQK2 72�im`Bx2/
`2T`2b2Mi�iBQM- �M/ i?Bb Bb ivTB+�HHv r?2`2 r2 bi�`i r?2M T`QpB/BM; i?2 TQBMi iQ
� K�+?BM2 H2�`MBM; KQ/2HX h?2 2t�+i 72�im`2b r2 2ti`�+i Q7i2M /2T2M/ QM i?2
T`Q#H2K /QK�BMX
AM i?2 +�b2 Q7 BK�;2 +H�bbB}+�iBQM- � +QKKQM `2T`2b2Mi�iBQM Q7 �M BK�;2 Bb �b �
j@/ K�i`Bt U�HbQ FMQrM �b � i2MbQ`V Q7 `2/f;`22Mf#Hm2 TBt2H p�Hm2bX
h?2`27Q`2 B7 Qm` BK�;2 Bb 100t100 TBt2Hb- 2�+? TBt2H rQmH/ +QMbBbi Q7 j p�Hm2b-
QM2 `2T`2b2MiBM; i?2 bi`2M;i? Q7 2�+? Q7 i?2 `2/- ;`22M- �M/ #Hm2 +QHQ` +?�MM2HbX
Pm` BK�;2 `2T`2b2Mi2/ �b � 100t100t3 ;`B/ Q7 p�Hm2b Bb b?QrM BM 6B;m`2 e8,
q2 +�M 7m`i?2` +QHH�Tb2 i?Bb j@/ `2T`2b2Mi�iBQM BMiQ � bBM;H2 p2+iQ` Q7 100·100·3 =
30, 000 p�Hm2bX q2 /Q i?Bb K2`2Hv 7Q` +QMp2MB2M+2- rBi?Qmi KQ/B7vBM; �Mv Q7 i?2
mM/2`HvBM; BM7Q`K�iBQMX h?Bb Bb b?QrM BM 6B;m`2 eeX
6Q` i?2 b�F2 Q7 Qm` 2t�KTH2- `�i?2` i?�M QT2`�iBM; QM � 100, 000@/ p2+iQ`- BK�;@
BM2 i?�i r2 mb2 � bK�HH2` `2T`2b2Mi�iBQM Q7 i?2 TB+im`2 +QMbBbiBM; Q7 � j@/ p2+iQ`,
V = (1, 0.4, 2)X >2`2 r2 ?�p2 TB+F2/ i?2b2 p�Hm2b �`#Bi`�`BHvX
LQr H2iǶb i�F2 � j@/ r2B;?i p2+iQ` W = (−1, 0.2, 1) �M/ +QKTmi2 i?2 bmK
W1 · V1 + W2 · V2 + W3 · V3 = −1 · 1 + 0.2 · 0.4 + 1 · 2 = 1.08X
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6B;m`2 e9, L2m`�H M2irQ`F H�v2` H�#2HH2/

6B;m`2 e8, AK�;2 TBt2H p�Hm2 `2T`2b2Mi�iBQM

3k



6B;m`2 ee, *QHH�Tb2/ BK�;2 p2+iQ` `2T`2b2Mi�iBQM

LQr H2iǶb 7m`i?2` 722/ i?�i bmK i?`Qm;? � bB;KQB/ 7mM+iBQM Ub?QrM BM 6B;m`2
edVX

6B;m`2 ed, 622/BM; i?`Qm;? bB;KQB/ 7mM+iBQM

q2 i?2M b2i i?�i `2bmHi �b i?2 p�Hm2 Q7 i?2 +B`+H2 BM i?2 }`bi H�v2` U6B;m`2 e3VX
h?Bb `2bmHi Bb Qm` }`bi 2t�KTH2 Q7 � M2m`QM BM i?2 M2m`�H M2irQ`F i2`KBMQHQ;vX
"2+�mb2 i?2 i2`K M2m`QM Bb � ;`Qbb �#mb2 Q7 i?2 #BQHQ;B+�H i2`K U�M/ r2 /QMǶi
r�Mi iQ �MMQv �Mv Q7 Qm` M2m`Qb+B2M+2 7`B2M/bV- H2iǶb Dmbi +�HH Bi � +QKTmi2
mMBi 7Q` Qm` Tm`TQb2bX
LQr H2iǶb mb2 � M2r r2B;?i p2+iQ` W2 = (3, 0.3, −0.1) �M/ T2`7Q`K i?2 b�K2
+QKTmi�iBQM rBi? Qm` 72�im`2 p2+iQ`- M�K2Hv i�FBM; � HBM2�` bmK �M/ 722/BM; Bi
i?`Qm;? � bB;KQB/ 7mM+iBQMX A7 r2 `2T2�i i?Bb +QKTmi�iBQM rBi? i?2 M2r r2B;?i
p2+iQ`- r2 b?QmH/ ;2i i?2 `2bmHi 0.81- r?B+? #2+QK2b i?2 p�Hm2 Q7 i?2 b2+QM/
+QKTmi2 mMBi BM Qm` M2r H�v2` U6B;m`2 eNVX
q2 +�M `2T2�i i?Bb +QKTmi�iBQM 7Q` �b K�Mv +QKTmi2 mMBib �b r2 r�MiX h?2
BKTQ`i�Mi i?BM; Bb iQ mb2 � /Bz2`2Mi r2B;?i p2+iQ` 7Q` 2�+? +QKTmi2 mMBiX
G2iǶb b�v r2 `2T2�i i?Bb +QKTmi�iBQM 7Q` j mMBib BM iQi�H rBi? bQK2 r2B;?i
p2+iQ`b ;2iiBM; i?2 7QHHQrBM; p�Hm2b U6B;m`2 dyVX
*QM;`�imH�iBQMb5 h?2b2 +QKTmi2/ p�Hm2b 7Q`K i?2 }`bi H�v2` Q7 Qm` M2m`�H M2i@
rQ`F5 h?2b2 BMi2`K2/B�i2 H�v2`b Q7 � M2m`�H M2irQ`F �7i2` i?2 H�v2` r?2`2 i?2
BMTmib �`2 72/ BM �`2 +�HH2/ ?B//2M H�v2`bX

3j



6B;m`2 e3, 6B`bi mMBi M2m`�H M2irQ`F

6B;m`2 eN, a2+QM/ mMBi M2m`�H M2irQ`F
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6B;m`2 dy, h?B`/ mMBi M2m`�H M2irQ`F /B�;`�K

h?Bb T�`iB+mH�` H�v2` Q7 +QKTmi�iBQMb �HbQ ?�b � bT2+B�H M�K2, � 7mHHv +QM@
M2+i2/ H�v2`X �;�BM r2 +�M ?�p2 �b K�Mv +QKTmi2 mMBib �b r2 r�Mi BM i?2
H�v2`- �M/ i?�i MmK#2` Bb bQK2i?BM; r2 +�M imM2 bQ �b iQ K�tBKBx2 T2`7Q`K�M+2X
AM �//BiBQM- i?2 bB;KQB/ 7mM+iBQM r2 +?Qb2 iQ `mM Qm` HBM2�` bmK i?`Qm;? ?�b
� bT2+B�H M�K2 BM i?2 M2m`�H M2irQ`F +QKKmMBiv, �M �+iBp�iBQM 7mM+iBQMX Ai
im`Mb Qmi r2 +�M 2�bBHv +?QQb2 /Bz2`2Mi �+iBp�iBQM 7mM+iBQMb iQ 722/ Qm` HBM2�`
bmK i?`Qm;?X q2 rBHH 2tTHQ`2 � 72r +QKKQMHv mb2/ p�`B�Mib BM i?2 M2ti b2+iBQMX
PM2 H�bi MQi2, r2 /B/MǶi `2�HHv K2MiBQM ?Qr r2 +?Qb2 i?2 p�Hm2b Q7 Qm` r2B;?i
p2+iQ`bX h?Bb b22Kb HBF2 �M BKTQ`i�Mi /2i�BH iQ K2MiBQM #2+�mb2 i?2 r2B;?ib
/2i2`KBM2 ?Qr +2`i�BM 72�im`2b ;2i mTr2B;?i2/ UQ` /QrMr2B;?i2/V �i � ;Bp2M
+QKTmi2 mMBiX h?2 i`mi? Bb r2 TB+F2/ i?2K `�M/QKHv- �M/ i?Bb Bb #�bB+�HHv r?�i
Bb /QM2 BM T`�+iB+2 UrBi? � 72r +�p2�ib r?B+? r2 rBHH /Bb+mbb H�i2`VX
LQr i?�i r2 ?�p2 i?Bb p2+iQ` Q7 j +QKTmi2 mMBib �i i?2 }`bi H�v2` Q7 Qm` M2irQ`F-
r?v MQi `2T2�i i?2 b�K2 b2i Q7 QT2`�iBQMb �b #27Q`2\
aQ i?�iǶb r?�i r2 /QX q2 TB+F M2r r2B;?ib T2` +QKTmi2 mMBi- i�F2 � HBM2�`
bmK rBi? i?2 p2+iQ` Q7 p�Hm2b 7`QK i?2 }`bi H�v2`- �M/ `mM i?2 `2bmHi i?`Qm;? �
bB;KQB/ 7mM+iBQMX h?Bb ;Bp2b mb 6B;m`2 dRX
LB+25 h?Bb Bb i?2 b2+QM/ H�v2` Q7 Qm` M2irQ`F5 G2iǶb �bbmK2 i?�i r2 �`2 /QBM; �
j@r�v +H�bbB}+�iBQM i�bF r?2`2 r2 �`2 i`vBM; iQ T`2/B+i r?2i?2` �M BK�;2 Bb Q7
� +�i- � /Q;- Q` M2Bi?2`X
h?2`27Q`2 r2 r�Mi iQ 2M/ mT rBi? i?`22 p�Hm2b i?�i ;Bp2 mb i?2 T`Q#�#BHBiv 7Q`
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6B;m`2 dR, a2+QM/ H�v2` M2m`�H M2irQ`F

i?2 p�Hm2b +�i- /Q;- �M/ M2Bi?2`X G2iǶb `mM Qm` b2+QM/ H�v2` i?`Qm;? �MQi?2`
bBKBH�` b2i Q7 +QKTmi�iBQMbX h?Bb rBHH ;Bp2 mb � /Bbi`B#miBQM Qp2` i?`22 p�Hm2b
�b b?QrM BM 6B;m`2 dk
h?Bb b2i Q7 +QKTmi�iBQMb i?`Qm;? i?2 H�v2`b Q7 Qm` M2irQ`F Bb +�HH2/ i?2 7Q`r�`/
T�bbX LQr r2 }M�HHv b22 r?v i?2b2 �`2 +�HH2/ 722/7Q`r�`/ M2irQ`Fb, r2 �`2
722/BM; p�Hm2b 7Q`r�`/ i?`Qm;? i?2 M2irQ`FX
PM2 BKTQ`i�Mi MQi2 QM ?B//2M H�v2`b �M/ +QKTmi2 mMBib T2` H�v2` Q7 � M2m`�H
M2irQ`FX AM ;2M2`�H- i?2 MmK#2` Q7 H�v2`b �M/ i?2 MmK#2` Q7 mMBib �`2 #Qi? ?v@
T2`T�`�K2i2`b i?�i r2 +�M �/Dmbi �b M2+2bb�`v iQ �+?B2p2 i?2 #2bi ;2M2`�HBx�iBQM
2``Q` BM Qm` M2irQ`FX

"�+FT`QT�;�iBM; 1``Q`b
h?2b2 +QKTmi�iBQMb �`2 �HH MB+2 �M/ ;QQ/ B7 Qm` M2irQ`F T`2/B+ib i?2 `B;?i p�Hm2
7Q` � ;Bp2M BMTmiX >Qr2p2`- Bi b22Kb T`2iiv mMHBF2Hv i?�i B7 Qm` r2B;?ib r2`2
`�M/QKHv +?Qb2M i?�i Qm` KQ/2H rQmH/ FMQr iQ T`2/B+i i?2 `B;?i p�Hm2X
aQ r?�iǶb KBbbBM;\ Ai im`Mb Qmi Qm` 722/7Q`r�`/ T�bb Bb QMHv ?�H7 i?2 biQ`vX q2
?�p2 b�B/ MQi?BM; �#Qmi ?Qr iQ �+im�HHv i`�BM i?2 KQ/2H mbBM; Qm` /�i�X G2iǶb
�bbmK2 i?�i /m`BM; Qm` 7Q`r�`/ T�bb Qm` M2m`�H M2irQ`F K�/2 � KBbi�F2 �M/
BMbi2�/ T`2/B+i2/ � +�i U6B;m`2 djV
Ai im`Mb Qmi i?�i i?Qm;? Qm` M2irQ`F K�/2 � KBbi�F2- r2 +�M biBHH +QKTmi2 �
+Qbi 7Q` i?2 p�Hm2b i?�i Qm` M2irQ`F +QKTmi2/X AMimBiBp2Hv Bi b22Kb i?�i B7 Qm`
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6B;m`2 dk, h?B`/ H�v2` M2m`�H M2irQ`F

6B;m`2 dj, L2m`�H M2irQ`F BM+Q``2+i +H�bbB}+�iBQM

3d



M2irQ`F T`2/B+i2/ (0.35, 0.45, 0.2) 7Q` U/Q;- +�i- M2Bi?2`V i?�i Bb H2bb r`QM;
i?�M B7 Bi ?�/ T`2/B+i2/ (0.1, 0.8, 0.1)X
aQ r2 +�M 7Q`K�HHv �bbQ+B�i2 � p�Hm2 7Q` i?Bb H2p2H Q7 r`QM;M2bb mbBM; � +Qbi
7mM+iBQM- bBKBH�` iQ r?�i r2 /B/ T`2pBQmbHv rBi? KQ/2Hb bm+? �b HBM2�` `2;`2bbBQMX
q2 rBHH /Bb+mbb bQK2 /2i�BHb �#Qmi i?2 TQbbB#H2 +Qbi 7mM+iBQMb r2 +�M mb2 7Q`
/Bz2`2Mi i�bFb BM H�i2` b2+iBQMbX
6Q` MQr H2iǶb �bbmK2 i?2 +Qbi +�H+mH�i2/ Bb 8X L2m`�H M2irQ`Fb �b r2 ?�p2 /2}M2/
?�p2 � bT2+B�H T`QT2`iv +�HH2/ /Bz2`2MiB�#BHBiv- r?B+? K2�Mb r2 +�M +QKTmi2
/2`Bp�iBp2b Q7 i?2 +Qbi 7mM+iBQM rBi? `2bT2+i iQ �HH i?2 r2B;?ibX qQ�?- i?�i r�b
� KQmi?7mHX
q2 rQMǶi ;Q BMiQ i?2 MBiiv@;`Biiv /2i�BHb- #mi H2iǶb i�F2 i?2 r2B;?ib Q7 i?2 i?2 }`bi
+QKTmi2 mMBi Q7 i?2 }M�H H�v2` UQ7 i?2 M2m`�H M2irQ`F BM Qm` `mMMBM; 2t�KTH2VX
q2 +�M +QKTmi2 ;`�/B2Mib BM/B+�iBM; ?Qr Km+? r2 b?QmH/ mT/�i2 i?2b2 r2B;?ib
iQ ;2i +HQb2` iQ T`2/B+iBM; i?2 `B;?i p�Hm2 Ui?2`2#v HQr2`BM; i?2 p�Hm2 Q7 i?2 +Qbi
7mM+iBQMVX
AM 6B;m`2 R9- r2 b22 i?2 ;`�/B2Mi Q7 i?2 }`bi mMBi rBi? `2bT2+i iQ i?2 r2B;?ib BM
i?2 T`2+2/BM; H�v2` ~Qr #�+Fr�`/bX h?Bb Bb BM/B+�i2/ #v i?2 `2/ �``Qrb U6B;m`2
d9VX

6B;m`2 d9, "�+F ~Qr M2m`�H M2irQ`F ;`�/B2Mi

PM+2 r2 ?�p2 i?2b2 ;`�/B2Mib- r2 mT/�i2 i?2 r2B;?ib �b M2+2bb�`vX LQiB+2 ?Qr
?2`2 i?2 2M/ `2bmHi Bb #2BM; mb2/ iQ b2M/ BM7Q`K�iBQM #�+Fr�`/ BM i?2 M2irQ`FX
h?Bb #�+Fr�`/ ~Qr Q7 bB;M�H Bb +�HH2/ #�+FT`QT�;�iBQMX
Ai im`Mb Qmi r2 +�M +QKTmi2 i?2b2 ;`�/B2Mib 7Q` �HH i?2 r2B;?ib BM � ;Bp2M H�v2`X

33



PM+2 r2 ?�p2 +QKTmi2/ i?2 ;`�/B2Mib �M/ mT/�i2/ i?2 r2B;?ib BM i?2 H�bi H�v2`-
r2 +QKTmi2 i?2 /2`Bp�iBp2b �M/ mT/�i2 i?2 r2B;?ib BM i?2 b2+QM/ H�v2`X
q2 +�M +QMiBMm2 i?Bb �HH i?2 r�v iQ i?2 }`bi H�v2`X h?2b2 #�+FT`QT�;�iBQM
mT/�i2b �`2 /QM2 mbBM; ;`�/B2Mi /2b+2MiX AM T`�+iB+2- r2 mT/�i2 �HH i?2 r2B;?ib
BM i?2 2MiB`2 M2irQ`F 7Q` bQK2 MmK#2` Q7 Bi2`�iBQMb mMiBH Qm` +Qbi 7mM+iBQM
/2+`2�b2b �b Km+? �b r2 rQmH/ HBF2X

6BM�H h?Qm;?ib
h?Bb +QM+Hm/2b Qm` U?QT27mHHvV ;2MiH2 BMi`Q/m+iBQM iQ 722/7Q`r�`/ M2m`�H M2i@
rQ`FbX q?BH2 i?2v K�v #2 i?2 KQbi p�MBHH� M2irQ`Fb- BM T`�+iB+2 722/7Q`r�`/
M2irQ`Fb +�M #2 bm++2bb7mHHv �TTHB2/ QM K�Mv `2;`2bbBQM �M/ +H�bbB}+�iBQM i�bFbX
h?Qm;? r2 mb2/ i?2 2t�KTH2 Q7 BK�;2 +H�bbB}+�iBQM- r2 +�M �TTHv 722/7Q`r�`/
M2irQ`Fb iQ K�Mv Qi?2` T`Q#H2K /QK�BMbX
AM ;2M2`�H- i?2 +QKTmi2 mMBib BM M2m`�H M2irQ`F ?B//2M H�v2`b H2�`M K�Mv TQr@
2`7mH `2T`2b2Mi�iBQMb Q7 i?2 /�i� /m`BM; i`�BMBM;X AM i?2 M2ti H2bbQMb r2 rBHH #2
#mBH/BM; Qmi bQK2 Q7 i?2 /2i�BHb Q7 M2m`�H M2irQ`F i?2Q`vX

h2bi uQm` EMQrH2/;2
J�i`Bt S`�+iB+2 A
J�i`Bt S`�+iB+2 AA
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L2m`�H L2irQ`F :`�# "�;

6B;m`2 d8, L2m`�H M2irQ`F K2K2

AM � T`2pBQmb b2+iBQM- r2 r2Mi i?`Qm;? � KQiBp�iBM; 2t�KTH2 Q7 � 722/7Q`r�`/
M2m`�H M2irQ`F 7`QK bi�`i iQ }MBb?X q2 BMi`Q/m+2/ � HQi Q7 M2m`�H M2irQ`F
+QM+2Tib #mi �HbQ H27i Qmi � HQi Q7 /2i�BHb `2H�i2/ iQ �+iBp�iBQM 7mM+iBQMb- r2B;?i
b2iiBM;- �M/ Qi?2` �bT2+ib Q7 M2m`�H M2irQ`F i?2Q`vX AM i?Bb b2+iBQM- r2 rBHH
K�F2 � ;`�# #�; Q7 �HH i?2 TQBMib r2 KBbb2/X G2iǶb ;2i bi�`i2/5

h?2 lMBp2`b�H �TT`QtBK�iQ`
h?Qm;? r2 ?�p2 BMi`Q/m+2/ i?2 M2m`�H M2irQ`F- r2 ?�p2MǶi `2�HHv /2p2HQT2/ �
b2Mb2 7Q` r?�i K�F2b i?2b2 M2irQ`Fb bQ ;`2�iX
6Q` bi�`i2`b- M2m`�H M2irQ`Fb �`2 � `B/B+mHQmbHv TQr2`7mH KQ/2H +H�bb i?�i +�M
`2T`2b2Mi � /Bp2`b2 +QHH2+iBQM Q7 7mM+iBQMbX Ai ?�b #22M K�i?2K�iB+�HHv b?QrM
i?�i M2m`�H M2irQ`Fb i?�i ?�p2 �i H2�bi QM2 H�v2` �`2 mMBp2`b�H �TT`QtBK�@
iQ`bX
q?�i i?Bb K2�Mb Bb i?�i � M2m`�H M2irQ`F rBi? �i H2�bi � bBM;H2 H�v2` �M/ bQK2
MQMHBM2�` �+iBp�iBQM 7mM+iBQM +�M �TT`QtBK�i2 �Mv +QMiBMmQmb 7mM+iBQMX h?�i
`2bmHi Bb BMb�M25 uQm +QmH/ HBi2`�HHv /`�r �Mv `�M/QK 7mM+iBQM Qz i?2 iQT Q7
vQm` ?2�/ �M/ � bBM;H2@H�v2` M2m`�H M2irQ`F +QmH/ H2�`M � `2T`2b2Mi�iBQM Q7 i?�i
7mM+iBQMX
h?2`2Ƕb � #B; +�p2�i- ?Qr2p2`X h?Bb Bb � i?2Q`2iB+�H `2bmHi r?B+? K2�Mb i?�i
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r?BH2 � R@H�v2` M2irQ`F +QmH/ H2�`M �Mv 7mM+iBQM- r?2i?2` vQm �`2 �#H2 iQ ;2i Bi
iQ /Q i?�i BM T`�+iB+2 Bb � b2T�`�i2 [m2biBQMX Ai im`Mb Qmi i?�i BiǶb [mBi2 ?�`/
iQ ;2i � M2m`�H M2irQ`F iQ H2�`M �Mv 7mM+iBQMX
Pm` �#BHBiv iQ /Q i?�i Bb T`2/B+�i2/ QM � MmK#2` Q7 Qi?2` 7�+iQ`b- BM+Hm/BM;
r?2i?2` Q` MQi r2 +�M ;2i Qm` +Qbi 7mM+iBQM iQ +QMp2`;2 �M/ �HH Q7 i?2 �//BiBQM�H
+QMbB/2`�iBQMb i?�i r2 rBHH /Bb+mbb #2HQrX "mi i?2 7�+i i?�i HBi2`�HHv i?2 bBKTH2bi
M2m`�H M2irQ`F +�M /Q bQ Km+? Bb �H`2�/v �M BKT`2bbBp2 T`QT2`iv Q7 i?Bb KQ/2H
+H�bbX

q2B;?i AMBiB�HBx�iBQM
AM Qm` H�bi b2+iBQM- r2 K2MiBQM2/ i?�i �i i?2 #2;BMMBM; Q7 M2m`�H i`�BMBM; r2
BMBiB�HBx2/ i?2 r2B;?ib Q7 Qm` KQ/2H `�M/QKHvX h?2 i`mi? Bb i?�i Bb HBi2`�HHv ?Qr
i?2 r2B;?ib Q7 Qm` KQ/2H �`2 BMBiB�HBx2/ UrBi? � 72r #2HHb �M/ r?BbiH2bVX
�M BKTQ`i�Mi TQBMi iQ mM/2`bi�M/ Bb i?�i r2 �#bQHmi2Hv M22/ i?2 r2B;?ib iQ
#2 /Bz2`2Mi 7Q` b2T�`�i2 +QKTmi2 mMBib Q7 � ;Bp2M H�v2`X A7 i?2v r2`2 MQi- r2
rQmH/ ?�p2 B/2MiB+�H +QKTmi2 mMBib 7Q` � ;Bp2M H�v2`- r?B+? rQmH/ #2 HBF2 ?�pBM;
� `2/mM/�Mi 72�im`2X _�M/QKBxBM; i?2 r2B;?ib �HHQrb mb iQ ;2i i?2 M2+2bb�`v
p�`B2iv BM i?2 r2B;?ib r2 M22/X
"2+�mb2 M2m`�H M2irQ`Fb �`2 bQ TQr2`7mH- i?2v �`2 �HbQ p2`v bmb+2TiB#H2 iQ Qp2`@
}iiBM;- bQ r2 r�Mi iQ DBii2` i?2K � #Bi /m`BM; H2�`MBM;X _�M/QK r2B;?i BMB@
iB�HBx�iBQM ?2HTb mb �+?B2p2 i?BbX h?2`27Q`2 BM T`�+iB+2 r2 Q7i2M BMBiB�HBx2 2�+?
T�`�K2i2` iQ � `�M/QK p�Hm2 rBi?BM bQK2 bK�HH `�M;2 HBF2 (−1, 1)X

�+iBp�iBQM 6mM+iBQMb
_2+�HH i?�i r?2M r2 BMi`Q/m+2/ Qm` }`bi M2m`�H M2irQ`F- �M �+iBp�iBQM 7mM+iBQM
r�b i?2 7mM+iBQM r2 �TTHB2/ iQ � p�Hm2 �7i2` +QKTmiBM; i?2 HBM2�` bmK Q7 � b2i
Q7 � r2B;?ib rBi? � +2`i�BM H�v2`X
AM T�`iB+mH�`- r2 mb2/ � bB;KQB/ �+iBp�iBQM 7mM+iBQM iQ i`�Mb7Q`K i?2 HBM2�` bmK
Q7 2�+? +QKTmi2 mMBiX q2 ?�/ T`2pBQmbHv 2M+QmMi2`2/ � bB;KQB/ BM Qm` bim/v
Q7 HQ;BbiB+ `2;`2bbBQMX �b � `2KBM/2`- H2iǶb `2+�HH i?2 7Q`K Q7 � bB;KQB/ b?QrM BM
6B;m`2 deX
Ai im`Mb Qmi i?�i r2 +�M mb2 Qi?2` 7mM+iBQMb 7Q` Qm` M2m`�H M2irQ`F �+iBp�iBQM
7mM+iBQM- �M/ bQK2 �`2 �+im�HHv T`272``2/5 h?2 QMHv `2�HHv BKTQ`i�Mi i?BM; Bb
i?�i r2 mb2 bQK2 7mM+iBQM i?�i T2`7Q`Kb � MQMHBM2�` i`�Mb7Q`K QM Bib BMTmiX
h?2 r�v iQ b22 r?v i?Bb Bb BKTQ`i�Mi Bb BK�;BM2 r2 ?�/ � k@H�v2` M2m`�H M2irQ`F
i?�i QMHv �TTHB2/ � HBM2�` 7mM+iBQM #2ir22M H�v2`bX AM i?�i +�b2- r2 +QmH/ r`Bi2
i?2 7mHH M2irQ`F +QKTmi�iBQM �b Linear2(Linear1(X)) = Linear(X)X h?Bb
K2�Mb �TTHvBM; � b2[m2M+2 Q7 HBM2�` 7mM+iBQMb Bb 2[mBp�H2Mi iQ �TTHvBM; � bBM;H2
�;;`2;�i2/ HBM2�` 7mM+iBQMX h?Bb rQmH/ K�F2 Bi bQ i?�i Qm` M2irQ`F +QmH/ QMHv
H2�`M HBM2�` 7mM+iBQMb5
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6B;m`2 de, aB;KQB/ �+iBp�iBQM

AM T`�+iB+2- bB;KQB/b �`2 MQi i?2 ;Q@iQ �+iBp�iBQM 7mM+iBQM iQ mb2 #2+�mb2 i?2B`
QmiTmib �`2 MQi x2`Q@+2Mi2`2/ �M/ i?2B` ;`�/B2Mib [mB+FHv /`QT iQ y 7Q` p2`v
H�`;2 �M/ p2`v bK�HH p�Hm2bX h?Bb K�F2b i?2K p2`v }MB+Fv iQ mb2 /m`BM; M2irQ`F
i`�BMBM;X
hrQ Qi?2` +QKKQM �+iBp�iBQM 7mM+iBQMb mb2/ BM M2m`�H M2irQ`Fb �`2 i?2 i�M?
�M/ i?2 `2+iB}2/ HBM2�` U_2GmV mMBiX h?2 i�M? 7mM+iBQM Bb b?QrM BM 6B;m`2
dd,
h�M? HQQFb p2`v bBKBH�` iQ i?2 bB;KQB/ 2t+2Ti Bi Bb x2`Q@+2Mi2`2/X h?2 _2Gm
�+iBp�iBQM Bb b?QrM BM 6B;m`2 d3,
h?2 _2Gm Bb � MB+2 r2HH@#2?�p2/ 7mM+iBQM i?�i Bb 2�bv iQ +QKTmi2 �M/ �HHQrb
7Q` 2{+B2Mi i`�BMBM; Q7 M2irQ`FbX AM ;2M2`�H- #Qi? i?2 _2Gm �M/ i�M? �`2 mb2/
BM TH�+2 Q7 i?2 bB;KQB/ #2+�mb2 i?2v `2bmHi BM bmT2`BQ` i`�BMBM; Q7 M2irQ`FbX

_2;mH�`Bx�iBQM
GBF2 �Mv Qi?2` bmT2`pBb2/ H2�`MBM; KQ/2H- M2m`�H M2irQ`Fb +�M #2 pmHM2`�#H2
iQ Qp2`}iiBM;X AM 7�+i- #2+�mb2 i?2v �`2 bQ TQr2`7mH- i?2v +�M #2 2p2M KQ`2
pmHM2`�#H2 i?�M Qi?2` KQ/2H 7�KBHB2bX
Ai im`Mb Qmi i?�i r2 +�M mb2 K�Mv Q7 i?2 b�K2 `2;mH�`Bx�iBQM i2+?MB[m2b r2
BMi`Q/m+2/ T`2pBQmbHv iQ Qzb2i i?2b2 2z2+ibX 6Q` 2t�KTH2- r2 +�M KQ/B7v i?2 +Qbi
7mM+iBQM r2 �`2 QTiBKBxBM; /m`BM; i`�BMBM; #v �//BM; �M L1 Q` L2 `2;mH�`Bx�iBQM
i2`KX
>Qr2p2`- i?2`2 Bb QM2 M2m`�H M2irQ`F@bT2+B}+ `2;mH�`Bx�iBQM i2+?MB[m2 +�HH2/

Nk



6B;m`2 dd, h�M? �+iBp�iBQM

6B;m`2 d3, _2Hm �+iBp�iBQM
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/`QTQmiX h?2 B/2� #2?BM/ /`QTQmi Bb `2H�iBp2Hv bi`�B;?i7Q`r�`/- bQ Km+? bQ-
i?�i BiǶb �biQmM/BM; ?Qr r2HH Bi rQ`Fb BM T`�+iB+2X
h?2 #�bB+ B/2� #2?BM/ /`QTQmi Bb i?�i /m`BM; i?2 7Q`r�`/ T�bb Q7 Qm` M2m`�H
M2irQ`F- ;QBM; 7`QK QM2 H�v2` iQ i?2 M2ti- r2 rBHH `�M/QKHv BM�+iBp�i2 bQK2
MmK#2` Q7 mMBib BM i?2 M2ti H�v2`X hQ K�F2 i?Bb +QM+`2i2- �bbmK2 r2 ?�/ i?2
M2m`�H M2irQ`F BM 6B;m`2 dNX

6B;m`2 dN, L2m`�H M2irQ`F

AM 6B;m`2 3y- r2 b22 i?2 `2bmHi Q7 �TTHvBM; /`QTQmi iQ i?2 b2+QM/ H�v2` Q7 i?2
M2m`�H M2irQ`FX
q?BH2 BM i?2 /B�;`�K- Bi HQQFb HBF2 �HH r2Ƕp2 `2KQp2/ Bb bQK2 �``Qrb iQ i?2
+QKTmi2 mMBib- i?Bb ?�b i?2 2z2+i Q7 �+im�HHv x2`QBM; Qmi i?Qb2 +QKTmi2 mMBibX
h?Bb Bb #2+�mb2 r2 ?�p2 2bb2MiB�HHv `2KQp2/ �HH i?2 r2B;?ib 7`QK i?2 T`2+2/BM;
BMTmi +QKTmi2 mMBib iQ i?2 QmiTmi QM2b r2 �`2 /`QTTBM;X q?2M r2 �TTHv
/`QTQmi- r2 /`QT 2�+? +QKTmi2 mMBi rBi? bQK2 T`Q#�#BHBiv r2 +?QQb2- ivTB+�HHv
bQK2r?2`2 #2ir22M 0.1 − 0.5X h?Bb T`Q#�#BHBiv Bb � ?vT2`T�`�K2i2` r2 +�M
imM2 /m`BM; i`�BMBM;X 6m`i?2`KQ`2- r2 +�M �TTHv /`QTQmi iQ ?B//2M H�v2`b Q7 �
M2irQ`F �b r2HH �b BMTmi H�v2`bX
.`QTQmi ?�b i?2 2z2+i Q7 #`2�FBM; bvKK2i`v /m`BM; i?2 i`�BMBM; T`Q+2bb #v
T`2p2MiBM; i?2 M2m`�H M2irQ`F 7`QK ;2iiBM; +�m;?i BM HQ+�H KBMBK�X Ai im`Mb
Qmi i?Bb Bb �M BKTQ`i�Mi 2z2+i #2+�mb2 /m`BM; i`�BMBM; M2irQ`Fb +�M ;2i bim+F
BM HQ+�H QTiBK�- KBbbBM; Qmi QM bmT2`BQ` bQHmiBQMbX
.`QTQmi Bb � #Bi Q7 � bi`�M;2 B/2� #2+�mb2 r2 �`2 2z2+iBp2Hv 7Q`+BM; i?2 M2irQ`F
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6B;m`2 3y, L2m`�H M2irQ`F rBi? /`QTQmi �TTHB2/

iQ 7Q`;2i � #Bi Q7 r?�i Bi FMQrb /m`BM; i`�BMBM;X AiǶb HBF2 b�vBM; ǳ>2v M2m`�H
M2irQ`F vQmǶ`2 ;2iiBM; � HBiiH2 iQQ +QK7Q`i�#H2 rBi? i?Bb QM2 72�im`2X 6Q`;2i
�#Qmi Bi 7Q` � #BiXǴ LQi2- ?2`2 r2 �`2 `272``BM; iQ +QKTmi2 mMBib �b 72�im`2b
#2+�mb2 i?2v 2z2+iBp2Hv 7mM+iBQM �b 72�im`2bX
q?2M r2 �`2 /QM2 i`�BMBM; � M2irQ`F �M/ `2�/v iQ 722/ M2r BMTmib i?`Qm;?
Qm` KQ/2H- r2 rBHH MQi /`QT �Mv mMBib 7`QK Qm` M2irQ`FX AMbi2�/- r2 rBHH b+�H2
QmiTmi mMBi p�Hm2b #v i?2 /`QTQmi T`Q#�#BHBivX h?Bb 2Mbm`2b i?�i �i i2bi iBK2-
Qm` mMBib ?�p2 i?2 b�K2 2tT2+i2/ p�Hm2 �b i?2v ?�/ /m`BM; i`�BMBM;X
ai`�M;2 i?Qm;? Bi K�v #2- BM T`�+iB+2 /`QTQmi Bb �`;m�#Hv i?2 KQbi 2z2+iBp2
`2;mH�`Bx�iBQM i2+?MB[m2 mb2/ 7Q` M2m`�H M2irQ`FbX

h?2 SQr2` Q7 G�v2`b �M/ lMBib
6`QK i?2 ;2i@;Q- i?2`2 �`2 �i H2�bi irQ /2;`22b Q7 7`22/QK BM /2i2`KBMBM; i?2
mM/2`HvBM; �`+?Bi2+im`2 Q7 � 722/7Q`r�`/ M2irQ`F, i?2 MmK#2` Q7 ?B//2M H�v2`b
�M/ i?2 MmK#2` Q7 mMBib T2` H�v2`X
�b r2 BM+`2�b2 i?2 MmK#2` Q7 H�v2`b BM � M2m`�H M2irQ`F- r2 BM+`2�b2 Bib `2T`2@
b2Mi�iBQM�H TQr2`X h?2 b�K2 Bb i`m2 7Q` i?2 MmK#2` Q7 +QKTmi2 mMBib T2` H�v2`X
Ai im`Mb Qmi r2 +�M K�F2 Qm` M2irQ`Fb �`#Bi`�`BHv TQr2`7mH #v Dmbi #mKTBM; mT
Bib MmK#2` Q7 H�v2`b �M/ +QKTmi2 mMBib T2` H�v2`X
>Qr2p2` i?2`2 Bb � /QrMbB/2 iQ i?Bb i?�i r2 Kmbi #2 �r�`2 Q7X h?2 BM+`2�b2 BM
TQr2` Bb Qzb2i #v �M BM+`2�b2 BM +QKTmi�iBQM�H +Qbi UBX2X Bi Bb KQ`2 2tT2MbBp2
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iQ i`�BM � KQ/2HV �b r2HH �b i?2 7�+i i?�i i?2 KQ/2Hb Kmbi #2 `2;mH�`Bx2/ KQ`2
�;;`2bbBp2Hv iQ T`2p2Mi Qp2`}iiBM;X

GQbb 6mM+iBQMb
AM i?2 T�bi r2 ?�p2 mb2/ i?2 i2`K +Qbi 7mM+iBQM iQ `272` iQ i?2 K�i?2K�iB+�H
7mM+iBQM r2 �`2 i`vBM; iQ QTiBKBx2 /m`BM; i`�BMBM; Q7 � KQ/2HX >2`2 r2 rBHH mb2
i?2 i2`K HQbb 7mM+iBQM �b Bi Bb KQ`2 +QKKQM BM M2m`�H M2irQ`F /2b+`BTiBQMb-
i?Qm;? `2+Q;MBx2 i?�i r2 �`2 i`2�iBM; i?2 irQ i2`Kb �b 2[mBp�H2MiX
q?2M r2 BMi`Q/m+2/ Qm` 722/7Q`r�`/ KQ/2H- r2 r2`2 [mBi2 �K#B;mQmb �#Qmi
i?2 /2i�BHb Q7 i?2 HQbb 7mM+iBQM r2 r2`2 mbBM; #�+FT`QT�;�i2/ /m`BM; i`�BMBM;X
hQ K�F2 i?BM;b +QM+`2i2- r2 rBHH /Bb+mbb QM2 +QKKQMHv mb2/ HQbb 7mM+iBQM 7Q`
+H�bbB}+�iBQM, i?2 +`Qbb@2Mi`QTv HQbbX
�bbmK2 i?�i r2 �`2 QmiTmiiBM; QM2 Q7 i?`22 H�#2Hb [1, 2, 3] 7Q` � /�i�b2i
[(X1, Y1), ..., (Xn, Yn)]- i?2M Qm` HQbb 7mM+iBQM i�F2b i?2 7QHHQrBM; 7Q`K,

−
n∑

j=1

3∑

c=1
Ij,c log(Pj,c)

LQi2 i?�i ?2`2 Pj,c `272`b iQ i?2 T`Q#�#BHBiv Q7 Qm` KQ/2H QmiTmiiBM; H�#2H c 7Q`
i?2 /�i�TQBMi jX AM �//BiBQM- Ij,c Bb �M BM/B+�iQ` p�`B�#H2 r?B+? Bb 2[m�H iQ R B7
/�i�TQBMi j ?�b � i`m2 H�#2H Q7 cX 6Q` 2t�KTH2- i?Bb K2�Mb i?�i B7 Y3 ?�b � H�#2H
Q7 k- i?2M I3,2 Bb R r?BH2 I3,1 �M/ I3,3 �`2 yX
L2m`�H M2irQ`Fb +�M �HbQ #2 mb2/ 7Q` `2;`2bbBQM- �M/ BM i?Qb2 +�b2b r2 +�M mb2
� H2�bi b[m�`2b HQbb �b r2 /B/ 7Q` HBM2�` `2;`2bbBQMX

Pi?2` h`�BMBM; hB/#Bib
h?2`2 �`2 � 72r Qi?2` iB/#Bib Q7 M2m`�H M2irQ`F i`�BMBM; i?�i �`2 rQ`i? K2M@
iBQMBM;X 6B`bi Qz- r?2M r2 �`2 i`�BMBM; � M2irQ`F rBi? � ;Bp2M HQbb 7mM+iBQM Bi
Bb +`m+B�H iQ 2Mbm`2 Qm` ;`�/B2Mi +�H+mH�iBQMb �`2 +Q``2+i 7Q` #�+FT`QT�;�iBQMX
"2+�mb2 Qm` ;`�/B2Mib /2i2`KBM2 ?Qr Km+? r2 b?QmH/ mT/�i2 +2`i�BM r2B;?ib bQ
�b iQ /2+`2�b2 Qm` M2irQ`FǶb HQbb- B7 Qm` +QKTmi2/ ;`�/B2Mib �`2 Qz- Qm` M2irQ`F
i`�BMBM; +QmH/ #2 2Bi?2` bm#T�` Q` +QKTH2i2Hv r`QM;5 Pm` M2irQ`F HQbb 7mM+iBQM
K�v KBbi�F2MHv M2p2` +QMp2`;2- bQ r2 `2�HHv ?�p2 iQ /Qm#H2 +?2+F Qm` K�i?
rBi? i?2b2 ;`�/B2MibX
AM T`�+iB+2- iQ/�v KQbi HB#`�`B2b mb2/ 7Q` #mBH/BM; M2m`�H M2irQ`Fb bm+? �b h2M@
bQ`~Qr- SvhQ`+?- 2i+X T2`7Q`K �miQK�iB+ /Bz2`2MiB�iBQMX h?Bb K2�Mb i?�i
vQm /QMǶi �+im�HHv ?�p2 iQ K�i?2K�iB+�HHv /2`Bp2 ;`�/B2MibX AMbi2�/ vQm Dmbi
/2}M2 vQm` HQbb 7mM+iBQM �M/ vQm` KQ/2H �`+?Bi2+im`2 �M/ i?2 HB#`�`B2b T2`7Q`K
�HH i?2 ;`�/B2Mi mT/�i2b /m`BM; #�+FT`QT�;�iBQM BKTHB+BiHvX amT2` M2�i5

Ne



PM � `2H�i2/ MQi2- M2m`�H M2irQ`F +QMp2`;2M+2 /m`BM; i`�BMBM; Bb i`B+Fv iQ ;2i
`B;?i bQK2iBK2bX 1p2M B7 r2 /QMǶi K�F2 �Mv 2``Q`b BM Qm` ;`�/B2Mib- M2irQ`Fb
?�p2 � i2M/2M+v iQ ;2i bim+F BM HQ+�H QTiBK� /m`BM; i`�BMBM;X "2+�mb2 M2m`�H
M2irQ`F i`�BMBM; Bb � MQM+QMp2t QTiBKBx�iBQM T`Q#H2K- r2 �`2 M2p2` bm`2 i?�i
r2 ?�p2 �+?B2p2/ i?2 �#bQHmi2 ;HQ#�H QTiBKmK 7Q` � T`Q#H2KX
Ai K�v �HbQ i�F2 `2�HHv HQM; 7Q` � M2irQ`F iQ +QMp2`;2 iQ �Mv bQ`i Q7 �M QTiBKmKX
L2m`�H M2irQ`F i`�BMBM; 7Q` +2`i�BM ivT2b Q7 T`Q#H2Kb +�M i�F2 mTr�`/b Q7 b2p2`�H
r22Fb5 :2iiBM; M2irQ`Fb iQ i`�BM �TT`QT`B�i2Hv Q7i2M `2[mB`2b mb iQ imM2 p�`BQmb
?vT2`T�`�K2i2`b bm+? �b /`QTQmi T`Q#�#BHBiB2b- i?2 MmK#2` Q7 H�v2`b- i?2 MmK#2`
Q7 mMBib T2` H�v2`- �M/ Qi?2` `2H�i2/ 7�+iQ`bX
6BM�HHv- Bi Bb rQ`i? +QKK2MiBM; �#Qmi /Bz2`2Mi ;`�/B2Mi /2b+2Mi i2+?MB[m2bX
q?2M i`�BMBM; M2m`�H M2irQ`Fb �M/ Qi?2` K�+?BM2 H2�`MBM; KQ/2Hb- irQ +QKKQM
;`�/B2Mi /2b+2Mi i2+?MB[m2b r2 +�M mb2 BM+Hm/2 #�i+? ;`�/B2Mi /2b+2Mi �M/
biQ+?�biB+ ;`�/B2Mi /2b+2MiX
AM #�i+? /2b+2Mi- /m`BM; �M Bi2`�iBQM Q7 i`�BMBM; r2 +QKTmi2 �M �;;`2;�i2/
;`�/B2Mi 7Q` � +QHH2+iBQM Q7 /�i�TQBMib i?�i r2 mb2 iQ mT/�i2 i?2 r2B;?ibX "�i+?
/2b+2Mi ;2M2`�HHv H2�/b iQ [mBi2 bi�#H2 mT/�i2b 7Q` 2�+? Bi2`�iBQM Q7 i`�BMBM;-
i?Qm;? 2�+? Bi2`�iBQM i�F2b � #Bi HQM;2` bBM+2 r2 ?�p2 iQ +QKTmi2 ;`�/B2Mib 7Q`
� +QHH2+iBQM Q7 TQBMibX
"v +QMi`�bi- rBi? biQ+?�biB+ /2b+2Mi r2 QMHv T2`7Q`K r2B;?i mT/�i2b rBi? i?2
;`�/B2Mi +QKTmi2/ 7Q` � bBM;H2 /�i�TQBMi �i � iBK2X aiQ+?�biB+ /2b+2Mi H2�/b
iQ � Km+? KQ`2 DBii2`v /2b+2Mi /m`BM; i`�BMBM;- i?Qm;? 2�+? mT/�i2 Bb p2`v 7�bi
bBM+2 Bi QMHv BMpQHp2b QM2 TQBMiX

6BM�H h?Qm;?ib
S?2r5 h?�i r�b � HQi Q7 BM7Q`K�iBQM bT`2�/ �+`Qbb � rB/2 p�`B2iv Q7 iQTB+bX �i
i?2 2M/ Q7 i?2 /�v- Bi Bb BKTQ`i�Mi iQ `2+Q;MBx2 i?�i M2m`�H M2irQ`Fb `2[mB`2
[mBi2 � #Bi Q7 /2i�BHb iQ ;2i `B;?i �M/ mb2 2z2+iBp2Hv QM M2r T`Q#H2KbX
aQK2iBK2b #mBH/BM; M2m`�H M2irQ`F KQ/2Hb Bb KQ`2 �M �`i i?�M � b+B2M+2X h?�i
#2BM; b�B/- i?2`2 /Q 2tBbi bQK2 bvbi2K�iB+ r�vb iQ #mBH/ #2ii2` KQ/2Hb- K�Mv
Q7 r?B+? r2 ?�p2 iQm+?2/ QM BM i?Bb b2+iBQM- bQ K�F2 bm`2 iQ F22T i?2K BM vQm`
K�+?BM2 H2�`MBM; iQQHFBi5

h2bi uQm` EMQrH2/;2
�+iBp�iBQM S`�+iB+2 A
�+iBp�iBQM S`�+iB+2 AA
�+iBp�iBQM S`�+iB+2 AAA
q2B;?i AMBiB�HBx�iBQM
"�i+? pbX aiQ+?�biB+
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.�M+2 .�M+2 *QMpQHmiBQM

6B;m`2 3R, *QMpM2ib K2K2

�#Qmi N v2�`b �;Q- i?2 AK�;2L2i +?�HH2M;2- �M �MMm�H pBbm�H `2+Q;MBiBQM +QK@
T2iBiBQM r�b #2;mMX AM i?2 +?�HH2M;2- i2�Kb r2`2 i�bF2/ rBi? #mBH/BM; i?2 #2bi
Q#D2+i +H�bbB}2` QM � +QHH2+iBQM Q7 BK�;2b 7`QK � b2i Q7 Ryyy TQbbB#H2 Q#D2+i H�#2HbX
AM i?2 v2�` kyRR- � i2�K 7`QK i?2 lMBp2`bBiv Q7 hQ`QMiQ i`QmM+2/ i?2 +QKT2iB@
iBQM #v BMi`Q/m+BM; i?2 rQ`H/Ƕb }`bi bm++2bb7mH BK�;2 `2+Q;MBiBQM bvbi2K #mBHi
2MiB`2Hv mbBM; M2m`�H M2irQ`FbX
h?Bb KBH2biQM2 ?2HT2/ iQ i`B;;2` i?2 �`iB}+B�H BMi2HHB;2M+2 r�p2 i?�i r2 �`2 +m`@
`2MiHv 2tT2`B2M+BM;X hQ/�v r2 �`2 ;QBM; iQ BMp2biB;�i2 i?2 M2m`�H M2irQ`F �`@
+?Bi2+im`2 i?�i r�b �i i?2 ?2�`i Q7 i?Bb `2pQHmiBQM�`v TQBMi BM ?BbiQ`vX 1t+Bi2/\
G2iǶb ;2i iQ Bi5

JQiBp�iBQMb
h?2 M2m`�H M2irQ`F +H�bb i?�i r�b �i i?2 ?2�`i Q7 i?2 /22T H2�`MBM; `2pQHmiBQM
Bb +�HH2/ +QMpQHmiBQM�H M2m`�H M2irQ`FbX hQ KQiBp�i2 i?2B` /2bB;M- r2 rBHH
bi�`i rBi? i?2 T`Q#H2K Q7 BK�;2 `2+Q;MBiBQMX *QMbB/2` i?2 BK�;2 Q7 � /Q; BM
6B;m`2 3kX
Pm` #`�BMb �`2 �K�xBM; #2+�mb2 r2 �`2 �#H2 iQ Dmbi �#Qmi BMbi�Mi�M2QmbHv `2+@
Q;MBx2 i?�i i?Bb BK�;2 +QMi�BMb � +mi2 TmTTvX q?�i �HHQrb mb iQ `2+Q;MBx2 i?�i
i?Bb Bb � TmTTv\
Pm` #`�BMb �`2 F22M �i TB+FBM; mT `2H2p�Mi 72�im`2b BM �M BK�;2- b+�MMBM; 2{@
+B2MiHv 7Q` i?2 i?BM;b i?�i �`2 M2+2bb�`v 7Q` mb iQ /Bz2`2MiB�i2 i?2 BK�;2X *QM@
bB/2` � KQ`2 +QKTHB+�i2/ 2t�KTH2 b?QrM BM 6B;m`2 3jX

NN
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6B;m`2 3k, .Q;

6B;m`2 3j, C�+FbQM SQHH�+F
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>2`2 BiǶb MQi BKK2/B�i2Hv +H2�` r?�i i?Bb Bb � TB+im`2 Q7- bQ r2 Kmbi �M�Hvx2
i?2 TB+im`2 KQ`2 /2HB#2`�i2HvX q2 K�v bi�`i �i i?2 mTT2` H27i +Q`M2` �M/ b+�M
?Q`BxQMi�HHv- TB+FBM; Qmi /2i�BHb i?�i b22K `2H2p�MiX
�7i2` r2 ?�p2 b+�MM2/ i?2 2MiB`2 BK�;2- Qm` #`�BM ?QHBbiB+�HHv i`B2b iQ Tmi iQ@
;2i?2` i?2 TB2+2b BMiQ bQK2 BKT`2bbBQM Q7 i?2 BK�;2 bm#D2+iX h?Bb BMimBiBQM 7Q`
?Qr Qm` QrM pBbBQM bvbi2K b22Kb iQ rQ`F #v b+�MMBM; �M/ TB+FBM; Qmi 72�im`2b
rBHH #2 � mb27mH �M�HQ;v 7Q` +QMpQHmiBQM�H M2irQ`FbX

h?2 *QMpQHmiBQM�H G�v2`
G2iǶb `2pBbBi ?Qr r2 `2T`2b2Mi BK�;2b K�i?2K�iB+�HHvX _2+�HH i?�i BK�;2b +�M #2
`2T`2b2Mi2/ �b � j@/ i2MbQ` Q7 U`2/- ;`22M- #Hm2V +QHQ` +?�MM2HbX S`2pBQmbHv r?2M
r2 r2`2 bim/vBM; 722/7Q`r�`/ M2irQ`Fb r2 +QHH�Tb2/ i?Bb j@/ `2T`2b2Mi�iBQM BMiQ
� bBM;H2 /BK2MbBQM�H p2+iQ`X Ai im`Mb Qmi BM T`�+iB+2 i?Bb p2+iQ` +QHH�TbBM; Bb MQi
`2�HHv /QM2 7Q` BK�;2bX
AMbi2�/ BK�;BM2 i?�i r2 ?�p2 bQK2 4x4x3 BK�;2 �M/ r2 F22T Bi BM Bib
j@/BK2MbBQM�H 7Q`K�iX q2 rBHH �BK iQ T`Q+2bb Qm` BK�;2 #v `mMMBM; Bi i?`Qm;?
� b2`B2b Q7 H�v2`rBb2 +QKTmi�iBQMb- bBKBH�`Hv iQ ?Qr r2 /B/ 7Q` 722/7Q`r�`/
M2irQ`FbX hQ /Q i?�i r2 rBHH i�F2 � 2x2x3 i2MbQ` Q7 r2B;?ib- r?B+? r2 rBHH +�HH
� }Hi2` U6B;m`2 39V,

6B;m`2 39, *QMpQHmiBQM�H M2irQ`F }Hi2`

G2iǶb #2;BM #v �TTHvBM; Qm` }Hi2` iQ i?2 mTT2` H27i 2x2x3 +Q`M2` Q7 i?2 BK�;2X
h?2 r�v i?Bb Bb /QM2 Bb r2 +?QT mT Qm` }Hi2` BMiQ j 2x2 /2Ti? bHB+2b U6B;m`2 38V

RyR



6B;m`2 38, *QMpQHmiBQM�H M2m`�H M2irQ`F /2+QMbi`m+i2/ BMiQ }Hi2`b

q2 /Q i?2 b�K2 7Q` i?2 +Q`M2` Q7 i?2 BK�;2 r2 �`2 BMi2`2bi2/ BM HQQFBM; U6B;m`2
3eVX
h?2M r2 i�F2 i?2 T�B`b Q7 U/2Ti?@rBb2V K�i+?BM; bHB+2b �M/ T2`7Q`K �M 2H2K2Mi@
rBb2 KmHiBTHB+�iBQMX �i i?2 2M/- r2 i�F2 i?2 j p�Hm2b r2 ;2i 7`QK i?2b2 /2Ti?@
rBb2 QT2`�iBQMb �M/ r2 bmK i?2K iQ;2i?2` U6B;m`2 3dVX
6Q` i?Qb2 i?�i �`2 K�i?2K�iB+�HHv@BM+HBM2/- r2 Dmbi iQQF � j@/ /Qi T`Q/m+i5
h?Bb +QKTmi2/ p�Hm2 rBHH #2 i?2 }`bi 2H2K2Mi BM i?2 M2ti H�v2` Q7 Qm` M2m`�H
M2irQ`FX LQr- r2 bHB/2 Qm` }Hi2` iQ i?2 `B;?i iQ i?2 M2ti 2x2x3 pQHmK2 Q7 i?2
BK�;2 �M/ T2`7Q`K i?2 b�K2 QT2`�iBQM U6B;m`2 33VX
LQi2 i?�i r2 �HbQ +QmH/ bHB/2 Qm` }Hi2` Qp2` QM2 TBt2H- `�i?2` i?�M irQ �b r2
?�p2 /QM2X h?2 2t�+i MmK#2` Q7 TBt2Hb i?�i r2 bHB/2 Qp2` Bb � ?vT2`T�`�K2i2`
r2 +�M +?QQb2X �7i2` i?Bb- r2 KQp2 Qm` }Hi2` iQ i?2 HQr2`@H27i +Q`M2` Q7 i?2
BK�;2 U6B;m`2 3NVX
�M/ +QKTmi2 i?2 b�K2 QT2`�iBQMX q2 i?2M /Q i?2 b�K2 QT2`�iBQM �;�BM- �7i2`
bHB/BM; Qm` }Hi2` ?Q`BxQMi�HHvX �i i?2 2M/- r2 ?�p2 7Qm` p�Hm2b BM i?Bb }`bi bHB+2
Q7 Qm` M2ti H�v2` U6B;m`2 NyVX
1t+BiBM;5 h?Bb Bb Qm` }`bi 2t�KTH2 Q7 � +QMpQHmiBQM5 h?2 `2bmHib Q7 �TTHvBM;
i?Bb }Hi2` 7Q`K QM2 bHB+2 Q7 i?Bb M2ti H�v2` BM Qm` M2irQ`FX
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6B;m`2 3e, *QMpQHmiBQM�H M2m`�H M2irQ`F /2+QMbi`m+i2/ +Q`M2`

Ryj



6B;m`2 3d, *QMpQHmiBQM�H M2m`�H M2irQ`F }Hi2` KmHiBTHB2/

6B;m`2 33, hQT `B;?i }Hi2` KmHiBTHB+�iBQM BM +QMpQHmiBQM�H M2m`�H M2irQ`F

Ry9



6B;m`2 3N, GQr2` H27i }Hi2` KmHiBTHB+�iBQM BM +QMpQHmiBQM�H M2m`�H M2irQ`F

6B;m`2 Ny, 6B`bi }Hi2` KmHiBTHB+�iBQM BM +QMpQHmiBQM�H M2m`�H M2irQ`F

Ry8



Ai im`Mb Qmi r2 +�M mb2 �MQi?2` }Hi2` rBi? M2r r2B;?ib QM i?Bb b�K2 BK�;2 iQ
;2i �MQi?2` bHB+2 BM i?2 M2ti H�v2` U6B;m`2 NRVX

6B;m`2 NR, a2+QM/ }Hi2` KmHiBTHB+�iBQM BM +QMpQHmiBQM�H M2m`�H M2irQ`F

AM i?2Q`v r2 +�M mb2 �b K�Mv mMB[m2 }Hi2`b �b r2 r�Mi BM Qm` +QMpQHmiBQM-
i?Qm;? i?2 MmK#2` iQ mb2 #2+QK2b � ?vT2`T�`�K2i2` r2 +�M imM2X
q?2M r2 �`2 /QM2 �TTHvBM; }Hi2`b- i?2 QmiTmi Q7 i?2b2 }Hi2` QT2`�iBQMb �`2
bi�+F2/ iQ;2i?2` iQ ;2i Qm` +QKTH2i2 M2ti H�v2`X A7 r2 ?�/ mb2/ Ry }Hi2`b BM i?2
}`bi H�v2` Q7 Qm` `mMMBM; 2t�KTH2- Qm` b2+QM/ H�v2` rQmH/ #2 � 2x2x10 i2MbQ`
Q7 p�Hm2bX h?Bb i`�Mb7Q`K�iBQM 7`QK BMTmi iQ QmiTmi mbBM; }Hi2` +QMpQHmiBQMb Bb
�TT`QT`B�i2Hv +�HH2/ � +QMpQHmiBQM�H H�v2`X
LQi2 i?�i QM+2 r2 ?�p2 Qm` b2+QM/ H�v2`- r2 +�M bi�`i 7`QK b+`�i+? �M/ �TTHv
�MQi?2` +QMpQHmiBQM�H H�v2` B7 r2 bQ +?QQb2X LQiB+2 �HbQ i?�i �b r2 �TTHv Qm`
+QMpQHmiBQMb- i?2 H2M;i? �M/ rB/i? /BK2MbBQMb Q7 Qm` i2MbQ`b i2M/ iQ ;2i bK�HH2`X
h?2 /2Ti? Q7 Qm` QmiTmi H�v2` Bb 2[m�H iQ i?2 MmK#2` Q7 }Hi2`b r2 mb2 7Q` Qm`
i`�Mb7Q`K�iBQM- bQ /2T2M/BM; QM i?�i MmK#2`- r2 KB;?i �HbQ `2/m+2 i?2 /2Ti?
/BK2MbBQMX 6Q` i?Bb `2�bQM- +QMpQHmiBQM�H H�v2`b +�M #2 pB2r2/ �b � 7Q`K Q7
72�im`2 `2/m+iBQMX
PM2 Q7 i?2 KQbi 2H2;�Mi i?BM;b �#Qmi i?2 +QMpQHmiBQM H�v2` Bb i?�i Bi ?�b �
p2`v M�im`�H �M�HQ;v iQ ?Qr ?mK�Mb +QKTQb2 i?2B` mM/2`bi�M/BM; Q7 +QKTH2t
BK�;2bX
q?2M r2 b22 bQK2i?BM; HBF2 � TmTTv Qm` pBbm�H mM/2`bi�M/BM; T`Q+2bb K�v }`bi
TB+F Qmi T`QKBM2Mi TQBMib HBF2 2v2b �M/ i?2 MQb2X Ai K�v i?2M +`2�i2 � MQiBQM
Q7 2/;2b i?�i 7Q`K i?2 QmiHBM2 Q7 i?2 /Q;X q2 i?2M K�v �// i2tim`2b iQ i?2
QmiHBM2 �M/ +QHQ`bX h?Bb ?B2`�`+?B+�H T`Q+2bb �HHQrb mb iQ /2+QKTQb2 BK�;2b BMiQ
bK�HH2` +QMbiBim2Mib i?�i r2 mb2 iQ #mBH/ mT Qm` mM/2`bi�M/BM;X
AM � bBKBH�` 7�b?BQM- +QMpQHmiBQM�H M2irQ`Fb +�M �HbQ H2�`M ?B2`�`+?B+�H 72�im`2b
�b r2 ;Q mT i?2 H�v2`bX *2`i�BM rQ`Fb ?�p2 /2KQMbi`�i2/ i?�i r?2M vQm �+im�HHv

Rye



pBbm�HBx2 r?�i Bb #2BM; H2�`M2/ �i i?2 H�v2`b Q7 � +QMpQHmiBQM�H M2irQ`F- r2 b22
pBbm�H 2MiBiB2b Q7 BM+`2�bBM; +QKTH2tBiv UTQBMib- HBM2b- 2/;2b- 2i+XV �b r2 ;Q
/22T2` BMiQ i?2 M2irQ`FX h?Bb Bb `2�HHv +QQH5
AM �//BiBQM iQ i?Bb MB+2 BMimBiBp2 /2bB;M �M/ BMi2`T`2i�#BHBiv- r?�i 2Hb2 /Q r2
;�BM #v mbBM; +QMpQHmiBQMb BMbi2�/ Q7 Qm` Q`B;BM�H 722/7Q`r�`/ 7mHHv +QMM2+i2/
H�v2`b\ q?2M r2 mb2 +QMpQHmiBQM�H H�v2`b- r2 �HbQ b22 � /`�biB+ `2/m+iBQM BM i?2
MmK#2` Q7 r2B;?ib r2 M22/ BM � ;Bp2M H�v2`X
AK�;BM2 B7 r2 +QHH�Tb2/ � `2�bQM�#Hv@bBx2/ BK�;2 Q7 /BK2MbBQMb 100x100x3 BMiQ
� jy-yyy@H2M;i? p2+iQ`X A7 r2 r�Mi2/ iQ K�F2 � 7mHHv@+QMM2+i2/ H�v2`- 2�+?
+QKTmi2 mMBi BM i?2 }`bi H�v2` rQmH/ #2 +QMM2+i2/ iQ 2p2`v p�Hm2 BM i?2 BMTmi-
+`2�iBM; jy-yyy r2B;?ibX A7 r2 ?�/ 2p2M � KQ/2`�i2Hv@bBx2/ }`bi H�v2` Q7 Ryy
mMBib- r2 rQmH/ ?�p2 30, 000 · 100 = 3, 000, 0000 T�`�K2i2`b Dmbi BM i?2 }`bi
H�v2`5 h?Bb +H2�`Hv Bb MQi b+�H�#H2X
PM i?2 Qi?2` ?�M/- B7 r2 /B/MǶi +QHH�Tb2 i?2 BK�;2 �M/ mb2/ � 5x5 }Hi2` 7Q`
� +QMpQHmiBQM- r2 rQmH/ ?�p2 5 · 5 · 3 = 75 r2B;?ib T2` }Hi2`X 1p2M B7 r2
mb2/ � `2H�iBp2Hv H�`;2 MmK#2` Q7 }Hi2`b HBF2 kyy- r2 rQmH/ ?�p2 � iQi�H Q7
200 · 75 = 15, 000 r2B;?ib BM i?2 }`bi H�v2` r?B+? Bb � ?m;2 `2/m+iBQM5 AM i?Bb
r�v- +QMpQHmiBQM�H H�v2`b �`2 KQ`2 K2KQ`v@2{+B2Mi �M/ +QKTmi2@2{+B2Mi r?2M
Bi +QK2b iQ /2�HBM; rBi? BK�;2bX

*QMpQHmiBQM�H L2irQ`F J2+?�MB+b
h?2`2 �`2 � MmK#2` Q7 /2bB;M /2+BbBQMb BM i?2 +QMpQHmiBQM�H H�v2` i?�i r2 +�M
TH�v rBi? i?�i BM~m2M+2 i?2 M2irQ`FǶb H2�`MBM; �#BHBivX 6Q` bi�`i2`b- r2 +�M
+2`i�BMHv b�v � #Bi KQ`2 �#Qmi i?2 /BK2MbBQMb Q7 i?2 }Hi2`b �TTHB2/X
AM T`�+iB+2- r2 +�M b22 }Hi2` bBx2b �Mvr?2`2 7`QK 1x1 iQ mTr�`/b Q7 11x11 BM
bQK2 `2b2�`+? T�T2`bX LQi2 �HbQ i?�i r?2M �TTHvBM; � 1x1 }Hi2`- r2 rQmH/MǶi
�+im�HHv `2/m+2 i?2 H2M;i? �M/ rB/i? /BK2MbBQMb Q7 i?2 H�v2` r2 �`2 +QMpQHpBM;X
AM �//BiBQM- i?2`2Ƕb �MQi?2` /2bB;M 7�+iQ` i?�i r2Ƕp2 mb2/ rBi?Qmi 7Q`K�HHv /2}M@
BM;X q?2M r2 r2`2 br22TBM; Qm` }Hi2` �+`Qbb i?2 BK�;2 BM Qm` KQiBp�iBM; 2t@
�KTH2- r2 r2`2 KQpBM; i?2 }Hi2` Qp2` irQ TBt2Hb BM � ;Bp2M /BK2MbBQM �i � iBK2
U6B;m`2 NkVX
>Qr2p2`- r?�i B7 r2 ?�/ b?B7i2/ Qp2` Qm` }Hi2` #v QM2 TBt2H BMbi2�/\ LQiB+2 i?�i
i?Bb rQmH/ /2i2`KBM2 � /Bz2`2Mi bm#b2i Q7 i?2 BK�;2 i?�i i?2 b2+QM/ 72�im`2
rQmH/ 7Q+mb QM U6B;m`2 NjVX
h?2 p�Hm2 i?�i /2i2`KBM2b ?Qr Km+? r2 bHB/2 Qp2` Qm` }Hi2` Bb +�HH2/ i?2 bi`B/2X
AM T`�+iB+2- r2 Q7i2M b22 i?�i mbBM; bK�HH2` bi`B/2 p�Hm2b T`Q/m+2 #2ii2` T2`7Q`@
K�M+2 QM i`�BM2/ +QMpQHmiBQM�H M2irQ`FbX
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6B;m`2 Nk, *QMpQHmiBQM�H M2m`�H M2irQ`F bi`B/2 k

6B;m`2 Nj, *QMpQHmiBQM�H M2m`�H M2irQ`F bi`B/2 R
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SQQHBM; G�v2`b
AM �//BiBQM iQ +QMpQHmiBQM�H H�v2`b- i?2`2 Bb �MQi?2` +QKKQMHv mb2/ H�v2` BM
+QMpQHmiBQM�H M2irQ`Fb, i?2 TQQHBM; H�v2`X h?2 Tm`TQb2 Q7 TQQHBM; H�v2`b Bb
Q7i2M iQ KQ`2 �;;`2bbBp2Hv `2/m+2 i?2 bBx2 Q7 � ;Bp2M BMTmi H�v2`- #v 2z2+iBp2Hv
+miiBM; /QrM QM i?2 MmK#2` Q7 72�im`2bX
PM2 Q7 i?2 KQbi +QKKQM ivT2b Q7 TQQHBM; Bb +�HH2/ K�t TQQHBM;X �b Bib M�K2b
bm;;2bib- i?2 K�t TQQHBM; H�v2` i�F2b i?2 K�t p�Hm2 Qp2` �M �`2� Q7 �M BMTmi
H�v2` U6B;m`2 N9VX

6B;m`2 N9, *QMpQHmiBQM�H M2m`�H M2irQ`F K�t TQQH

qBi? TQQHBM; H�v2`b r2 �HbQ 2ti2M/ i?2 QT2`�iBQM /2Ti?@rBb2 �M/ �TTHv Bi Qp2` �
p�`B�#Hv@bBx2/ �`2�- �b r2 /B/ rBi? +QMpQHmiBQM�H }Hi2`bX 6Q` 2t�KTH2- r2 +QmH/
mb2 K�t TQQHBM; Qp2` � 2x2 �`2� i?�i /2i2`KBM2b i?2 b2;K2Mi r2 �`2 �TTHvBM;
i?2 QT2`�iBQM iQX h?2 /2Ti? Q7 i?2 QmiTmi pQHmK2 /Q2b MQi +?�M;2X
wQQKBM; Qmi- r2 Kmbi #2 +�`27mH r?2M +?QQbBM; i?2 }Hi2` �M/ bi`B/2 bBx2 BM Qm`
+QMpQHmiBQM�H M2irQ`Fb �M/ QT2`�iBQMb bm+? �b K�t@TQQHBM; i2M/ iQ i?`Qr �r�v
� HQi Q7 BM7Q`K�iBQM BM �M BMTmi H�v2`X

h?2 kyRR AK�;2L2i qBMM2`
qBi? �HH i?�i i?2Q`v BM TH�+2- r2 �`2 MQr }M�HHv `2�/v iQ `2pBbBi i?2 kyRR
AK�;2L2i@rBMMBM; 2Mi`vX >BbiQ`B+�HHv- � HQi Q7 i?2 �`+?Bi2+im`2b i?�i ?�p2 rQM
T�bi AK�;2L2i +QKT2iBiBQMb ?�p2 #22M ;Bp2M +�i+?v M�K2b #2+�mb2 ;HQ�iBM;
`B;?ib �`2 � i?BM; BM K�+?BM2 H2�`MBM; �5
h?2 �`+?Bi2+im`2 i?�i rQM AK�;2L2i kyRR r�b +�HH2/ �H2tL2i �7i2` Bib T`BM+BT�H
+`2�iQ` �H2t E`Bx?2pbFv U6B;m`2 N8VX
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6B;m`2 N8, �H2tL2i +QMpQHmiBQM�H M2m`�H M2irQ`F �`+?Bi2+im`2

RRy



>2`2 MQ`K `272`b iQ � bT2+B}+ MQ`K�HBx�iBQM QT2`�iBQM i?�i r�b BMi`Q/m+2/ iQ
?2HT ;2M2`�HBx�iBQMX h?Bb T�`iB+mH�` QT2`�iBQM ?�b 7�HH2M Qmi Q7 7�pQ` BM +QMpQ@
HmiBQM�H M2irQ`F �`+?Bi2+im`2b bBM+2 i?2MX
AM �//BiBQM- 7mHHv +QMM2+i2/ `272`b iQ � 722/7Q`r�`/ H�v2` r2 b�r r?2M r2
HQQF2/ �i 722/7Q`r�`/ M2m`�H M2irQ`FbX �i i?2 2M/ Q7 i?2 H�bi 7mHHv +QMM2+i2/
H�v2`- i?2 �`+?Bi2+im`2 QmiTmii2/ � T`Q#�#BHBiv /Bbi`B#miBQM Qp2` Ryyy H�#2Hb-
r?B+? Bb ?Qr K�Mv H�#2Hb i?2`2 r2`2 BM i?2 +?�HH2M;2X
�M BKTQ`i�Mi i?BM; iQ MQi2 Bb K�Mv Q7 i?2 B/2�b #2?BM/ i?2 �`+?Bi2+im`2 Q7
�H2tL2i ?�/ #22M BMi`Q/m+2/ T`2pBQmbHvX q?�i �H2tL2i �//2/ i?�i r�b bQ
`2pQHmiBQM�`v r�b BM+`2�bBM; i?2 /2Ti? Q7 i?2 M2m`�H M2irQ`F BM i2`Kb Q7 MmK#2`
Q7 H�v2`bX
hvTB+�HHv �b M2irQ`Fb ;2i KQ`2 /22T i?2v ;2i ?�`/2` iQ i`�BM- #mi i?2 lMBp2`bBiv
Q7 hQ`QMiQ i2�K K�M�;2/ iQ 2z2+iBp2Hv i`�BM � p2`v /22T M2irQ`FX �MQi?2` MQp2H
+QMi`B#miBQM r�b i?2 mb2 Q7 b2p2`�H bi�+F2/ +QMpQHmiBQM�H H�v2`b BM � `Qr- r?B+?
?�/ MQi #22M 2tTHQ`2/ T`2pBQmbHvX
�M/ rBi? i?�i- r2Ƕp2 +QK2 7mHH +B`+H25 6`QK ?mK#H2 #2;BMMBM;b- r2Ƕp2 bm++2bb@
7mHHv /Bb+mbb2/ i?2 KQ/2H i?�i i`B;;2`2/ i?2 KQ/2`M@/�v `2bm`;2M+2 Q7 �`iB}+B�H
BMi2HHB;2M+2X q?�i � T?2MQK2M�H KBH2biQM2 BM Qm` �A DQm`M2v5

h2bi uQm` EMQrH2/;2
*QMpQHmiBQM�H �TTHB+�iBQM
*QMpQHmiBQM�H G�v2` �/p�Mi�;2b
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_2+m``2Mi L2m`�H L2irQ`Fb

6B;m`2 Ne, aQm`+2 *?2Hb2�

AM i?Bb b2+iBQM- r2 +QMiBMm2 Qm` bim/v Q7 /22T H2�`MBM; #v BMi`Q/m+BM; �M 2t@
+BiBM; M2r 7�KBHv Q7 M2m`�H M2irQ`Fb +�HH2/ `2+m``2Mi M2irQ`FbX Cmbi �b
+QMpQHmiBQM�H M2irQ`Fb �`2 i?2 /2 7�+iQ �`+?Bi2+im`2 7Q` �Mv pBbBQM@`2H�i2/ i�bF-
`2+m``2Mi M2irQ`Fb r2`2 QM+2 i?2 bi�M/�`/ 7Q` H�M;m�;2@`2H�i2/ T`Q#H2KbX
AM 7�+i- 7Q` � HQM; iBK2 i?2`2 r�b � #2HB27 �KQM; M�im`�H H�M;m�;2 `2b2�`+?2`b
i?�i `2+m``2Mi M2irQ`Fb +QmH/ �+?B2p2 bi�i2@Q7@i?2@�`i `2bmHib QM Dmbi �#Qmi �Mv
M�im`�H H�M;m�;2 T`Q#H2KX h?�i Bb � i�HH Q`/2` iQ }HH 7Q` � bBM;H2 KQ/2H +H�bb5
h?�i #2BM; b�B/- iQ/�v QM K�Mv M�im`�H H�M;m�;2 i�bFb- `2+m``2Mi M2irQ`Fb
�`2 biBHH BM+`2/B#Hv T2`7Q`K�MiX aQ r?�iǶb i?2 #B; /2�H #2?BM/ i?2b2 `2+m``2Mi
M2irQ`Fb\ G2iǶb i�F2 � HQQFX

JQiBp�iBQMb
_2+m``2Mi M2irQ`Fb bm++22/ BM K�Mv M�im`�H H�M;m�;2 i�bFb #2+�mb2 mM/2`bi�M/@
BM; M�im`�H H�M;m�;2 `2[mB`2b ?�pBM; bQK2 MQiBQM Q7 K2KQ`v- T�`iB+mH�`Hv K2K@
Q`v `2H�i2/ iQ KQ/2HHBM; b2[m2M+2bX
6Q` 2t�KTH2- B7 A ;�p2 vQm i?2 b2Mi2M+2 ǳA TB+F2/ mT i?2 `2KQi2 +QMi`QHH2`
QM i?2 +Qm+? �M/ im`M2/ QM i?2Ę-Ǵ �M/ �bF2/ vQm iQ }HH BM i?2 KBbbBM;
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rQ`/- vQm rQmH/ T`Q#�#Hv ?�p2 MQ T`Q#H2K }HHBM; BM � rQ`/ HBF2 ǳi2H2pBbBQMXǴ
AM Q`/2` iQ /Q i?�i- vQm ?�/ iQ T`Q+2bb �HH i?2 ;Bp2M rQ`/b BM b2[m2M+2- �bbQ@
+B�i2 i?2 �+iBQM Q7 ǳTB+FBM; mTǴ iQ i?2 ǳ+QMi`QHH2`Ǵ- BMi2`T`2i i?2 bBim�iBQM�H
+QMi2ti Q7 � +QMi`QHH2` QM � ǳ+Qm+?Ǵ- �M/ mb2 i?�i iQ BM7Q`K r?�i Bi2K +QmH/
#2 ǳim`M2/ QMǴ ;Bp2M i?Bb +QMi2tiX h?Bb H2p2H Q7 T`Q+2bbBM; Bb �M �#bQHmi2Hv
�K�xBM; 72�i Q7 i?2 ?mK�M KBM/5
>�pBM; � TQr2`7mH b2[m2MiB�H K2KQ`v Bb 2bb2MiB�H ?2`2X AK�;BM2 B7 vQm r2`2
`2�/BM; i?2 b2Mi2M+2 �M/ #v i?2 iBK2 vQm ;Qi iQ i?2 2M/- vQm ?�/ 7Q`;Qii2M i?2
#2;BMMBM; �M/ �HH vQm `2K2K#2`2/ r�b ǳim`M2/ QM i?2ǴX
Ai rQmH/ #2 Jl*> ?�`/2` iQ }HH BM i?2 `B;?i rQ`/ rBi? Dmbi i?�i T?`�b2X Ai
b22Kb HBF2 ǳiQ�bi2`Ǵ- ǳH�rM KQr2`Ǵ- �M/ ǳ/`BHHǴ +QmH/ �HH #2 p�HB/ `2bTQMb2b
;Bp2M QMHv i?2 T?`�b2 ǳim`M2/ QM i?2XǴ h?2 7mHH +QMi2ti BM7Q`Kb �M/ M�``Qrb
i?2 bT�+2 Q7 `2�bQM�#H2 �Mbr2`bX
Ai im`Mb Qmi i?�i M2Bi?2` 722/7Q`r�`/ M2m`�H M2irQ`Fb MQ` +QMpQHmiBQM�H M2irQ`Fb
�`2 T�`iB+mH�`Hv ;QQ/ �i `2T`2b2MiBM; b2[m2MiB�H K2KQ`vX h?2B` �`+?Bi2+im`2b
�`2 MQi BM?2`2MiHv /2bB;M2/ iQ ?�p2 b2[m2MiB�H +QMi2ti BMi2HHB;2MiHv BM7Q`K i?2B`
QmiTmibX "mi H2iǶb b�v r2 r�Mi2/ iQ #mBH/ �M �`+?Bi2+im`2 rBi? i?�i +�T�#BHBivX
q?�i rQmH/ bm+? �M �`+?Bi2+im`2 2p2M HQQF HBF2\

h?2 _2+m``2Mi lMBi
G2iǶb i`v iQ /2bB;M �M �TT`QT`B�i2 �`+?Bi2+im`2X AK�;BM2 i?�i r2 �`2 722/BM; �M
BMTmi- X1- BMiQ bQK2 M2m`�H M2irQ`F mMBi- r?B+? r2 rBHH H2�p2 �b � #H�+F #Qt 7Q`
MQrX h?�i mMBi rBHH /Q bQK2 ivT2 Q7 +QKTmi�iBQM UbBKBH�` iQ Qm` 722/7Q`r�`/
Q` +QMpQHmiBQM H�v2`b 7`QK Qm` T`2pBQmb b2+iBQMbV �M/ T`Q/m+2 �M QmiTmi p�Hm2
O1 U6B;m`2 NdVX
hQ K�F2 i?Bb 2p2M KQ`2 +QM+`2i2- Qm` BMTmi +QmH/ #2 i?2 bi�`i Q7 Qm` T?`�b2
7`QK �#Qp2- M�K2Hv i?2 rQ`/ ǳAǴ- �M/ i?2 QmiTmi Ur2 ?QT2V rQmH/ #2 ǳTB+F2/Ǵ
U6B;m`2 N3VX
LQr i?�i r2 ?�p2 QmiTmi ǳTB+F2/Ǵ- r2 rQmH/ HBF2 iQ ?�p2 i?�i QmiTmi BM7Q`K
i?2 M2ti bi2T Q7 +QKTmi�iBQM Q7 Qm` M2irQ`FX h?Bb Bb �M�HQ;Qmb iQ r?2M r2
�`2 T`Q+2bbBM; � b2Mi2M+2- Qm` KBM/b /2+B/2 r?�i rQ`/ #2bi 7QHHQrb 7`QK i?2
T`2pBQmb rQ`/b r2Ƕp2 b22MX
aQ r2 rBHH 722/ BM ǳTB+F2/Ǵ �b i?2 BMTmi Q7 i?2 M2ti bi2TX "mi i?�iǶb MQi
bm{+B2MiX q?2M r2 T`Q+2bb i?2 rQ`/ ǳTB+F2/Ǵ �M/ �`2 /2+B/BM; r?�i +QK2b
M2ti- r2 �HbQ mb2 i?2 7�+i i?�i i?2 T`2pBQmb irQ rQ`/b r2`2 ǳA TB+F2/XǴ
q2 �`2 BM+Q`TQ`�iBM; i?2 7mHH ?BbiQ`v Q7 T`2pBQmb rQ`/bX AM �M �M�HQ;Qmb 7�b?BQM-
r2 rBHH mb2 i?2 +QKTmi�iBQM ;2M2`�i2/ #v Qm` #H�+F #Qt BM i?2 }`bi bi2T iQ �HbQ
BM7Q`K i?2 M2ti bi2T Q7 +QKTmi�iBQMX
h?Bb Bb /QM2 #v BMi2;`�iBM; r?�i Bb +�HH2/ � ?B//2M bi�i2 7`QK i?2 }`bi +QKTmi2
mMBi BMiQ i?2 b2+QM/ QM2 UBM �//BiBQM iQ i?2 iQF2M ǳTB+F2/ǴVX h?Bb Bb b?QrM BM
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6B;m`2 Nd, :2M2`�H +QKTmi2 7Q` `2+m``2Mi M2m`�H M2irQ`F
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6B;m`2 N3, _2+m``2Mi mMBi rBi? rQ`/
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6B;m`2 NNX
q2 +�M `2T2�i i?Bb T`Q+2/m`2 7Q` i?2 i?B`/ bi2T Q7 +QKTmi�iBQM U6B;m`2 RyyVX
AM 7�+i- r2 +�M /Q i?2 b�K2 T`Q+2bb �HH i?2 r�v iQ i?2 2M/ Q7 i?2 T?`�b2- mMiBH
Qm` KQ/2H QmiTmib i?2 /2bB`2/ rQ`/ ǳi2H2pBbBQMXǴ h?Bb Bb b?QrM BM 6B;m`2 RyRX
LQiB+2 i?�i r2 �`2 mbBM; i?2 b�K2 #H�+F #Qt mMBi 7Q` i?2 +QKTmi�iBQMb Q7 �HH
i?2 iBK2bi2TbX �M/ rBi? i?�i r2 ?�p2 +QMbi`m+i2/ i?2 ?�HHK�`F �`+?Bi2+im`2 Q7
� `2+m``2Mi M2irQ`F5
� `2+m``2Mi M2irQ`F Bb b�B/ iQ mM`QHH � +QKTmi�iBQM 7Q` � +2`i�BM MmK#2` Q7
iBK2bi2Tb- �b r2 /B/ 7Q` 2�+? rQ`/ Q7 i?2 BMTmi T?`�b2X h?2 b�K2 +QKTmi2 mMBi
Bb #2BM; mb2/ QM �HH +QKTmi�iBQMb- �M/ i?2 KQbi BKTQ`i�Mi /2i�BH Bb i?�i i?2
+QKTmi�iBQM �i � T�`iB+mH�` iBK2bi2T Bb BM7Q`K2/ MQi QMHv #v i?2 BMTmi �i i?2
;Bp2M iBK2bi2T #mi #v i?2 +QMi2ti Q7 i?2 T`2pBQmb b2i Q7 +QKTmi�iBQMbX
h?Bb +QMi2ti #2BM; 72/ BM b2`p2b �b �M �;;`2;�i2/ b2[m2MiB�H K2KQ`v i?�i i?2
`2+m``2Mi M2irQ`F Bb #mBH/BM; mTX q2 ?�p2MǶi b�B/ Km+? �#Qmi r?�i �+im�HHv
;Q2b QM rBi?BM i?2 +QKTmi2 mMBiX h?2`2 �`2 � MmK#2` Q7 /Bz2`2Mi +QKTmi�iBQMb
i?�i +�M #2 /QM2 rBi?BM i?2 +QKTmi2 mMBi Q7 � `2+m``2Mi M2irQ`F- #mi r2 +�M
/2b+`B#2 i?2 p�MBHH� +�b2 T`2iiv bm++BM+iHvX
G2i S /2MQi2 i?2 b2[m2MiB�H K2KQ`v Qm` M2irQ`F ?�b #mBHi mT- r?B+? Bb Qm`
?B//2M bi�i2X Pm` `2+m``2Mi mMBi +�M i?2M #2 /2b+`B#2/ �b 7QHHQrb,

St = F (UXt + WSt−1)
Ot = aQ7iK�t(V T St)

>2`2 i?2 7mM+iBQM- F - rQmH/ �TTHv bQK2 bQ`i Q7 � MQMHBM2�`Biv bm+? �b i�M?X U
�M/ W �`2 Q7i2M irQ@/BK2MbBQM�H K�i`B+2b i?�i �`2 KmHiBTHB2/ i?`Qm;? i?2 BMTmi
�M/ ?B//2M bi�i2 `2bT2+iBp2HvX V Bb �HbQ � irQ@/BK2MbBQM�H K�i`Bt KmHiBTHB2/
i?`Qm;? i?2 ?B//2M bi�i2X
LQiB+2 �HbQ i?�i i?2 +QKTmi�iBQM �i � ;Bp2M iBK2bi2T mb2b i?2 ?B//2M bi�i2
;2M2`�i2/ 7`QK i?2 T`2pBQmb iBK2bi2TX h?Bb Bb i?2 `2+m``2Mi mMBi K�FBM; mb2 Q7
i?2 T�bi +QMi2ti- �b r2 r�Mi Bi iQX
J�i?2K�iB+�HHv- i?2 r2B;?i K�i`Bt U ?�b i?2 2z2+i Q7 b2H2+iBM; ?Qr Km+? Q7
i?2 +m``2Mi BMTmi r2 r�Mi iQ BM+Q`TQ`�i2- r?BH2 i?2 K�i`Bt W b2H2+ib ?Qr Km+?
Q7 i?2 7Q`K2` ?B//2M bi�i2 r2 r�Mi iQ mb2X h?2 bmK Q7 i?2B` +QMi`B#miBQMb
/2i2`KBM2b i?2 +m``2Mi ?B//2M bi�i2X
q?2M r2 b�v r2 mb2 i?2 b�K2 `2+m``2Mi mMBi T2` +QKTmi�iBQM �i 2�+? iBK2bi2T-
i?Bb K2�Mb i?�i r2 mb2 i?2 2t�+i b�K2 K�i`B+2b U - W - �M/ V 7Q` Qm` +QKTmi�@
iBQMbX h?2b2 �`2 i?2 r2B;?ib Q7 Qm` M2irQ`FX
�b K2MiBQM2/- i?2 `QH2 Q7 i?2b2 r2B;?ib Bb iQ KQ/mH�i2 i?2 BKTQ`i�M+2 Q7 i?2
BMTmi �M/ i?2 ?B//2M bi�i2 iQr�`/ i?2 QmiTmi /m`BM; i?2 +QKTmi�iBQMbX h?2b2
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6B;m`2 NN, hrQ `2+m``2Mi mMBi bi�i2b BM `2+m``2Mi M2m`�H M2irQ`F
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6B;m`2 Ryy, h?`22 `2+m``2Mi mMBi bi�i2b BM `2+m``2Mi M2m`�H M2irQ`F

6B;m`2 RyR, _2+m``2Mi M2m`�H M2irQ`F mM`QHH2/
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r2B;?ib �`2 mT/�i2/ /m`BM; i`�BMBM; pB� � HQbb 7mM+iBQM- �b r2 /B/ rBi? i?2
T`2pBQmb M2m`�H M2irQ`F 7�KBHB2b r2 bim/B2/X
�M/ rBi? i?�i- r2 ?�p2 2M/Qr2/ � M2m`�H M2irQ`F rBi? b2[m2MiB�H K2KQ`v5

_2+m``2Mi lMBi kXy
q2HH- �HKQbiX Ai im`Mb Qmi i?�i BM T`�+iB+2 Qm` p�MBHH� `2+m``2Mi M2irQ`Fb bmz2`
7`QK � 72r T`2iiv #B; T`Q#H2KbX q?2M r2 �`2 i`�BMBM; Qm` `2+m``2Mi M2irQ`F-
r2 ?�p2 iQ mb2 bQK2 p�`B�Mi Q7 � #�+FT`QT�;�iBQM �H;Q`Bi?K �b r2 /B/ 7Q` Qm`
T`2pBQmb M2m`�H M2irQ`F �`+?Bi2+im`2bX
h?�i BMpQHp2b +�H+mH�iBM; � HQbb 7mM+iBQM 7Q` Qm` KQ/2H QmiTmib �M/ i?2M +QK@
TmiBM; � ;`�/B2Mi Q7 i?�i HQbb 7mM+iBQM rBi? `2bT2+i iQ Qm` r2B;?ibX Ai im`Mb Qmi
i?�i r?2M r2 +QKTmi2 Qm` ;`�/B2Mib i?`Qm;? i?2 iBK2bi2Tb- Qm` M2irQ`F K�v
bmz2` 7`QK i?Bb #B; T`Q#H2K +�HH2/ p�MBb?BM; ;`�/B2MibX
�b �M BMimBiBQM 7Q` i?Bb T`Q#H2K- BK�;BM2 i?2 bBim�iBQM Q7 �TTHvBM; � i�M? MQM@
HBM2�`Biv iQ �M BMTmi b2p2`�H iBK2b U6B;m`2 RykVX

6B;m`2 Ryk, o�MBb?BM; ;`�/B2Mi T`Q#H2K BM `2+m``2Mi M2m`�H M2irQ`F

LQiB+2 i?�i i?2 KQ`2 iBK2b r2 �TTHv i?2 i�M? 7mM+iBQM- i?2 KQ`2 ~�i i?2 ;`�@
/B2Mi Q7 i?2 7mM+iBQM ;2ib 7Q` � ;Bp2M BMTmiX �TTHvBM; � i�M? `2T2�i2/Hv Bb
i?2 �M�HQ;m2 Q7 T2`7Q`KBM; � +QKTmi�iBQM BM Qm` `2+m``2Mi M2irQ`F 7Q` bQK2
MmK#2` Q7 iBK2bi2TbX
�b r2 +QMiBMm2 iQ �TTHv i?2 i�M?- Qm` ;`�/B2Mi Bb [mB+FHv ;QBM; iQ yX A7 Qm` ;`�@
/B2Mi Bb y- i?2M Qm` M2irQ`F r2B;?ib rQMǶi #2 mT/�i2/ /m`BM; #�+FT`QT�;�iBQM-
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�M/ Qm` H2�`MBM; T`Q+2bb rBHH #2 BM2z2+iBp25
h?2 r�v i?Bb K�MB72bib Bib2H7 Bb i?�i Qm` M2irQ`F K�v MQi #2 �#H2 iQ ?�p2 �
K2KQ`v Q7 rQ`/b Bi r�b BMTmii2/ b2p2`�H bi2Tb #�+FX h?Bb Bb +H2�`Hv � T`Q#H2KX
hQ +QK#�i i?Bb Bbbm2- `2b2�`+?2`b ?�p2 /2p2HQT2/ � MmK#2` Q7 �Hi2`M�iBp2 +QK@
Tmi2 mMBib i?�i T2`7Q`K KQ`2 bQT?BbiB+�i2/ QT2`�iBQMb �i 2�+? iBK2bi2TX q2
rQMǶi ;Q BMiQ i?2B` K�i?2K�iB+�H /2i�BHb- #mi � 72r r2HH@FMQrM �M/ 7�KQmb 2t@
�KTH2b BM+Hm/2 i?2 HQM; b?Q`i@i2`K K2KQ`v UGahJV mMBi �M/ i?2 ;�i2/
`2+m``2Mi mMBi U:_lVX h?2b2 mMBib �`2 bT2+B}+�HHv #2ii2` �i �pQB/BM; i?2
p�MBb?BM; ;`�/B2Mi T`Q#H2K �M/ i?2`27Q`2 �HHQrBM; 7Q` KQ`2 2{+B2Mi H2�`MBM; Q7
HQM;2` i2`K /2T2M/2M+B2bX

6BM�H h?Qm;?ib
hQ +QM+Hm/2 Qm` r?B`HrBM/ iQm` Q7 `2+m``2Mi M2irQ`Fb- H2iǶb H2�p2 rBi? � 72r
2t�KTH2b Q7 T`Q#H2K bT�+2b r?2`2 i?2v ?�p2 #22M �TTHB2/ p2`v bm++2bb7mHHvX
_2+m``2Mi M2irQ`Fb ?�p2 #22M �TTHB2/ iQ � p�`B2iv Q7 i�bFb BM+Hm/BM; bT22+?
`2+Q;MBiBQM U;Bp2M �M �m/BQ BMTmi- ;2M2`�i2 i?2 �bbQ+B�i2/ i2tiV- ;2M2`�iBM; BK@
�;2 /2b+`BTiBQMb- �M/ K�+?BM2 i`�MbH�iBQM U/2p2HQTBM; �H;Q`Bi?Kb 7Q` i`�MbH�iBM;
7`QK QM2 H�M;m�;2 iQ �MQi?2`VX h?2b2 �`2 Dmbi � 72r 2t�KTH2b- #mi BM �HH +�b2b-
i?2 `2+m``2Mi M2irQ`F ?�b 2M�#H2/ mMT`2+2/2Mi2/ T2`7Q`K�M+2 QM i?2b2 T`Q#@
H2KbX

h2bi uQm` EMQrH2/;2
_2+m``2Mi L2irQ`F �/p�Mi�;2b
�Hi2`M�iBp2 _2+m``2Mi lMBib
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